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Abstract

The topic of this thesis are finite dimensional Hamiltonian integrable systems and
certain aspects of symplectic geometry of their underlying phase spaces. The main
result is presented in Chapter 3. The complete integrability of a class of Hamiltonian
systems (T*M, wean, H) is proved, where M is an arbitrary compact or non-compact
Riemannian symmetric space. This class contains some classical examples of inte-
grable systems such as C. Neumann’s system and the spherical pendulum. The new
examples we consider are motion on projective spaces, which in turn yield integrable
motions on spheres subject to certain quartic potentials. Symplectic reduction gives
the integrability of the motions of a particle on CP" and HIP" in a quadratic potential
field with the additional presence of magnetic and the Yang-Mills fields respectively.
The connection of the systems (17" M, weun, H) with Nahm’s equations is investigated.
It is also indicated how these systems fit into the context of Hitchin’s integrable sys-
tems on 1" M,,,, where M,,, is the moduli space of stable parabolic structures on
G®-principal bundle over a complex curve C.

Hitchin’s systems on 7T*M,,, are studied in Chapter 2. In a different way,
these systems were already studied by E. Markman. Our approach allows us to
obtain a family of symplectic structures wy, on 7"M,,. parametrised by a set
S C @;_, h; where D is the divisor of marked points with degD = r and (h;)* C
(g%)" = (Lie(G®))* are duals of Cartan subalgebras. The set S consists of point
Ap = (A1,..., ) such that \; are regular and of the point 0 € @;_, h,. For every
symplectic space (T M qr, wy,,) We construct an integrable system. The system cor-
responding to Ap = 0 (the case studied by Markman) is exceptional in our family.
We show how this is expressed in terms of spectral curves.

The main topic of Chapter 1 are real symplectic structures on complex coadjoint
orbits OC. The orbit OF has real Kostant-Kirillov forms and the canonical cotangent
form since O¢ = T*O for some compact orbit @. The two are compared via the
mechanical connection construction. This comparison is generalised to the case where
OC is replaced by an OC-fibre bundle.
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Chapter 0O

Introduction

0.1

The term integrable systems denotes systems of differential equations, usually des-
cribing some physical situation, which can in some sense be solved. In this text we
will be concerned with the integrable systems corresponding to ordinary differential
equations or in other words, to dynamical systems which are integrable. Since there
is some ambiguity in what is meant by integrating a system of differential equations,
many definitions of integrability are possible. This is particularly so in the case of
the systems of PDE’s. In the case of ODE’s however the situation is simpler and
there is more consent on what integrability is. The systems that we will consider are
Hamiltonian. This means that the space of states X x R is a manifold of dimension
2n + 1 with a local chart (q1,...,¢n,p1--.pPn,t) around each point. The space X is
called the phase space. There is a function H : X x R — R called the Hamiltonian,
and the relevant ODE’s in the local coordinates are

PR
: OH )
P = 5y

for = 1,...n. The variable t € R represents the time, while ¢;’s and p;’s are often,
but not always the coordinates of position and of momentum. Typically H is of the
form H(p,q) = ||p||* + V(q,p), where ||p||* is kinetic and V(g,p) potential energy.
A frequent stipulation %—If = 0 then means that the total energy H of the system is
constant with respect to time, i.e. the system is conservative. The coordinates (g, p)
are called the canonical coordinates, and the system of equations 1 the canonical
equations. Every system of coordinates on X in which the system 1 preserves its
form is called canonical. The vector field {p(x) = >, g—i : 8% + g—g : 6%1' is called the
Hamiltonian vector field of the function F. The solutions of the system 1 are then the
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integral curves of the Hamiltonian field £y of the function H. In modern language, a
Hamiltonian system is given by a triple (X, w, H), where w € A2X is a closed 2-form
on X having the expression w = Y | dg; A dp; in some local canonical coordinates.

The system of the form described above is by definition integrable, if there exists
a set of n functions F; : X — R containing H and such that F;(q(t),p(t)) = const. for
every ¢ = 1,...n and for every solution v(t) = (q(t),p(t)) : R — X of the system 1.
In addition we demand that F; is constant along the integral curves of {r, for every
i,7 =1,...,n. Two functions Fj}, F; with this property are said to Poisson-commute.
The functions F; are called the first integrals of 1.

Clearly, the solutions v : R — X of 1 are confined to the level sets
L.={zeX; F(x)=c¢,i=1,...,n}

of the integrals. When L. is compact, Liouville’s theorem shows that it is diffeo-
morphic to the n-dimensional torus 7™. This theorem also establishes the exis-
tence of a system (¢q,...,¢,) of affine coordinates on L. such that the solutions
~ are linear with respect to these coordinates. Let ¢ be a regular value of the map
F(x) = (Fi(x),...F,(z)) from X to R™. Then the fibres of F close to L. are also
diffeomorphic to T", so locally around L. the space X looks like 7" x R™. Choose a
basis d; of 1-cycles in Hy (L. ;Z) = H,(T" ; Z) depending smoothly on F;’s and put

[k:/p-dq , k=1,...,n.
Ok

It is then easily seen that (I, ¢) are canonical coordinates in which the system 1 has
the simple form '
I, = 0
(2)

‘. _ OH
o = r

The equations 2 have the obvious solutions Iy (t) = I(0) , ¢(t) =t - g—g + ¢x. This
shows that the concept of integrability described above is reasonable in the sense that
it really assures integrability of the system by quadratures.

For a generic conservative dynamical system (without additional preserved quan-
tities) the ergodic theorem tells us that a generic solution v : R — X is dense in
the whole isoenergetic hyper-space H. = {x € X; H(x) = ¢} in X. In the case of
an integrable system a generic solution is dense only on its level torus L., which is a
sub-manifold of codimension n in the 2n-dimensional space X'. This illustrates how
special and non-typical the integrable systems are.

Some classical examples of integrable systems
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Until the sixties the list of known integrable dynamical systems was very short if
old. The oldest examples probably are the rotating heavy rigid bodies or the tops.
The kinematics of a top is described by the change in time of the mutual position of
two coordinate systems, one fixed in space and the other fixed in the top, both sharing
the same origin. At each point of time there is an element ¢ € SO(3) sending the
space coordinates into those fixed in the top. So the natural space of positions (the
configuration space) of a top is the group SO(3) of rotations in R®. Adding momenta
gives us the phase space X = T*SO(3). The behaviour of a top is determined by its
shape and the position of its baricenter. The shape of the top is encoded in its inertia
tensor, and this gives rise to a certain left-invariant metric on SO(3) determined by
a symmetric 3 x 3 matrix A. Clearly restricting to the diagonal matrices causes no
loss of generality. The diagonal terms (ay, as, as) correspond to the principal axes of
our body, while the baricenter is determined by its body coordinates (by, bo, b3). We
note that not all such tops are integrable. For the integrability certain conditions on
the parameters (a;, b;) have to be satisfied . The well known list of integrable cases,
found e.g. in [Ar 2] is:

Euler; 1750: The free top, in the absence of the gravitational field, i.e. b; =0 .

Lagrange; 1788: Axially symmetric top with the baricenter on the axis of symmetry;
a; = Qag, b1:b2:0.

Kowalevskaya; 1889: A symmetric top with the baricenter outside the axis of
symmetry. More precisely: a; = as = 2ag, b =0

Goryachev-Chaplygin; 1900: Similar to Kovalevskaya’s case. a1 = as = 4ag, by = 0.

To summarize, the heavy top is the dynamical systems on the space X = T*SO(3)
with Hamiltonians of the form H(q,p) = (Ap,p) + Viap(q). This system is integrable
for the pairs (A, Viap) of the metrics and the potentials corresponding to the cases
listed above. Among these the most interesting one is Kowalewskaya’s top which to
this day serves as the inspiration for a considerable body of research.

The other two classical examples we mention come from a different mechanical
motivation. The first is the geodesic motion of a particle on an ellipsoid, that was
solved by Jacobi in 1838. The other is the motion of a particle under the influence
of the linear force (harmonic motion) restricted to the sphere. This was integrated
by Carl Neumann in 1859. These two examples turned out to be very influential
in the development of modern theory of integrable systems, as we are going to see
below. The first system is given by the Hamiltonian H(q,p) = ||p||* on the phase
space T*E, where £ denotes the ellipsoid, while the second has the Hamiltonian
H(q,p) = |Ip||*+ (Aq, q) on T*S™, where A is a symmetric (n+1) x (n+ 1) matrix. It
is shown in [A-vM 1], that these two systems belong to the same family in the sense,
that the integrals of one are obtainable from the integrals of the other.
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Of a more recent origin is the third class of examples known under the joint name
of Toda lattices. They describe the evolution of some system of particles on the
real line interacting among themselves pairwise with exponential forces and different
configurations of pairs. Toda lattices were instrumental in the reviving of the interest
for the integrable systems. In the sixties it was observed, that the important PDE, the
Korteweg-de Vries equation can be viewed as an evolution system with the infinitely
many conserved quantities, a situation analogous to Liouville integrability outlined
above. Later a close relationship between the Korteweg-de Vries equation and the
Toda systems was established by Adler , van Moerbeke, and Kostant. The phase
space of a Toda lattice is T*R", and the Hamiltonian in the simplest case is H(q,p) =

Ipll? + >0, exp(qi — giv1), where ¢ = g,

Close relatives of the Toda lattices are the n-body problems on a line appearing in
the work of Moser, Calogero, Sutherland, Yang, Olshanetsky, Perelomov and others.
In the basic versions of these systems all the pairs of particles interact, not just the
adjacent ones. Restrict the configuration of the particles by the constraint > | ¢; =
0. Permuting the particles obviously preserves such systems, so their configuration
space is R""!/&,,, where &,, is the permutation group on n elements acting on the
coordinates of points in R™®~Y) < R". The space R*! can be thought of as the
maximal torus sub-algebra t of Lie algebra su(n) and the group &,, as its Weyl
group. The quotient t/,, is then the Weyl chamber Cgy ). So these systems can
be viewed as describing the motion of a particle in the Weyl chamber Cgy(,) under
the influence of a certain potential force. On the common phase space T™Cgyn) the
Hamiltonians are of the form

H(q,p) = Ipl* + > _ V(z — q;)

1<j

for certain functions V, e.g. V(q) = ¢ 2, V(q) = sin"%(q), or V(q) = 6(q).

Let A be the system of positive roots of su(n) in t = R"~! with respect to some
ordering, and let ¢ = (q1, ... q,) € t. Adjusting the indexation of ¢; with the ordering
of the roots, we get (¢; — ¢;) = (g, o) for some a, € A*. So the above Hamiltonians
can be rewritten in the form

H(g,p) = 12+ 3 V(igan) (3)

ap€EAT

for the appropriate choice of the function V. In this form the Hamiltonian makes sense
for any semi-simple Lie algebra g, thus giving a family of systems on the cotangent
bundles of Weyl chambers T*Cq. Integrability of these and related systems was proved
by the authors mentioned above. We note, that the Hamiltonians of the Toda lattices
can be expressed in the form analogous to 3. The only adjustment that has to be
made, is to replace AT with a system of simple roots S C A™T.
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There is a common feature in the classical examples mentioned. Their phase spaces
are all related to Lie groups in one way or another. In the case of the tops this is
T*S0O(3); the C. Neumann problem is happening on 7*S™, and S™ is the homogeneous
space SO(n + 1)/S0(n), and as mentioned, the elliptic motion on the ellipsoid is
closely related to the C. Neumann’ s case. For the m-body problems on the line
the phase space T"Cg is flat but still essentially connected to Lie groups. This is not
surprising. Lie groups can be thought of as a mathematical formalisation of the notion
of symmetry in physics, and clearly the more symmetrical the physical situation is
the more it is tractable. In particular, it is easier to decide which Hamiltonians yield
integrable systems in the phase space possess a certain amount of symmetry.

There seem to be very few known examples of integrable systems obtained by the
classical methods whose configuration and phase space are non-homogeneous. Some
can be found in the paper [P-S| and in the references therein. In particular they
prove that the geodesic motion on the connected sum CP"# ... #CP" is completely
integrable.

Hitchin’s systems

There is however a large class of known integrable systems on non-homogeneous
spaces. These were discovered around 1984 by Hitchin while studying the moduli
spaces of solutions of the equation

Fy+4[®,0]=0, (4)

where A is a connection on a vector bundle £ — C' over the complex curve C', F}y its
curvature, and ® a section in the bundle End(€£) — C. Hitchin’s equation is a two
dimensional reduction of the anti-self-dual Yang-Mills equation. In his paper [Hi 2]
Hitchin describes the integrable system in the case where £ is a rank two bundle.
Subsequently in [Hi 1] he generalises the construction, replacing £ by a principal
bundle P having arbitrary classical Lie group as the structure group. The space My
contains the cotangent bundle 7*M as a dense open subset. In [Hi 1] Hitchin works
on this subspace.

As it is well known, the moduli spaces M of stable holomorphic structures on
PC — (O are isomorphic to the moduli spaces of flat connections on P — C. A
flat connection in turn yields a representation of the fundamental group m;(C') in
the structure group G of P. So Hitchin’s construction gives an integrable system on
the cotangent bundle T*(Hom(m(C),G)/G) for every complex curve C and every
compact semi-simple real Lie group G. We note that, even though the spaces M
constitute a family far richer and more diverse than the homogeneous spaces, Lie
groups still play a prominent and essential role.

Hitchin’s systems have an unusual genesis. Traditionally people started with a
certain mechanical system and then tried to integrate it, or at least to prove it is
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integrable. In the case of the Hitchin’s systems though, what is known is that there
is an integrable system. More precisely, a system of n = dimM Poisson-commuting
functions on T*M is given. What is still not known is the mechanical content of
these systems.

Methods of proving the integrability

For a long time the theory concerned with proving the integrability and integrating
systems reflected the diversity of examples of integrable systems. One could almost
say that there was a different approach for each example. One notable exception
is the Hamilton-Jacobi method of separation of variables. This situation started to
change in seventies with the introduction of a more systematic use of Lie theory and
algebraic geometry in the field.

Very important constructions are those of the moment map and of symplectic
reduction, which apply under mild assumptions to the systems with continuous sym-
metries. For the system (X, H) to have a continuous symmetry means that there is a
Lie group G acting on X and preserving H. Each one-parameter subgroup of G then
gives rise to a function F;, which Poisson-commutes with H. These functions are the
components of the moment map. There is an action of a certain subgroup G. of GG
on the level set X. = {z € X; F;(x) = ¢;}. Taking the quotient W = X_./G. we get
the symplecticaly reduced system (W, H ), where dimW = dimX — (dimG + dimG..).
This method of reducing the dimension of a mechanical system emerges very natu-
rally in the treatment of the Euler’s top, where the conserved quantities apart from
the energy are the three components of the momentum, which explains the name
moment map. The construction was used by Smale and Arnold and subsequently
systematised by Marsden and Weinstein.

Methods using Lie theory for proving the integrability of Hamiltonian systems are
numerous and diverse. The strategy common to many of them is the following. Let
the phase space X or some symplectic reduction of X be embedded in R™ for some
m. Think of R™ as of the dual Lie algebra g* of some Lie group GG, and prove that the
solution (t) of the system lies in the orbit of v(0) € g* with respect to the coadjoint
action of G on g*. Coadjoint orbits are equipped with the so called Kostant-Kirillov
symplectic forms and their symplectic geometry is well understood. In particular for
a compact coadjoint orbit O there are (1/2)n = dim© Poisson commuting functions
fx : O — R. If the Hamiltonian H of the system (X,w, H) happens to be one of
them, the integrability of the system is proved.

The functions f; were constructed by Mischenko and Fomenko in the following
way. Let A € g* be a fixed element and x an indeterminate. Denote by (qi,...q.)
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a system of Adf-invariant polynomials on g*, and consider the “shifted” functions
¢i(a+ x - X). These can be expanded with respect to z, giving

IS8

i

ai(@) = 32" fyisyman (@)

Jj=0

where d; = degg;.

The algebro-geometric aspects of integrability were addressed by Moser ([Mo 2]),
Adler and van Moerbeke ([A-vM 2]), Mumford ([Mu]), and others. The common
theme in these contributions is the use of the Lax equation, originating from Peter
Lax’s approach to the KdV-equation. Let 9t be the space of k x k matrices and
let A,B: R — 9y @ Clz] take the values in the matrix valued polynomials. The
strategy is then to rewrite the equations defining the system (X, H) in the form of
the Lax equation

A =[B,A] (5)

for some suitable choice of the pair (A, B). Here [, -] stands for the Lie bracket in
M. @ Clz] defined as a tensor product of the commutator of matrices and multi-
plication of polynomials. At each ¢ € R the eigenvalues of A(t) are the solutions
wi(t, z), ... wg(t, z) of the polynomial equation Q;(z,w) = det(w - I — A(t, z))= 0, so
wg(t, z) are polynomials of degree k in z. In the case, where A(t, z) is a solution of 5,
the polynomials Q;(z,w) and wy(t, z) are independent of the time parameter ¢ € R.
This is easily seen. At each fixed zy and ¢y the equation 5 tells us that the tangent of
the solution curve A(t, zp) : R — 9y, lies in the tangent space of the adjoint orbit in
M through A(to, 20), since in general 4|,_oAdy(a) = [g(0), A]. A solution A(t, z)
therefore stays in the adjoint orbit of A(0, zp). The elements lying in the same orbit
all have the same spectrum. Suppose, z € CP!. Then the equation

Q(z,w) =0

defines a complex curve S, called the spectral curve which is a ramified covering of
CP!. This curve is the preserved quantity of the system (X', H). More precisely, S
is in a natural way a divisor of a certain complex surface M ruled over CP'. The
components F;(S) of the point S € |S| are the integrals of motion of the system. The
feature that makes this method exceptionally powerful and elegant is the following.
Let L. C X be the level torus defined by f;(z) = ¢; for i = 1,...n on which the flow
of the system linearises, as described by Liouville’s theorem. Then £, turns out to be
a real form of an Abelian variety related to the spectral curve S, e.g. the Jacobian
Jac(S), or some Prym variety lying in Jac(S). The system (X, H) can then at least
in principle be integrated in terms of theta functions. The common name for such
systems is the algebraic completely integrable systems. Clearly the space of matrices
9N can be replaced by some other Lie algebra.
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Jacobi’s solution of the geodesic motion on the ellipsoid is in a way an early
precursor of the spectral curve method. The key step in applying the Hamilton-Jacobi
method of separation of variables is of course a suitable choice of coordinates. In the
case of the motion on the ellipsoid these are the so called elliptic coordinates obtained
as intersections of the system of confocal quadrics. This places the problem firmly
in the realm of algebraic geometry, and the solutions provided by Jacobi are indeed
Abelian integrals. C. Neumann’s treatment of the harmonic motion on the sphere
is similar. In [Mo 1], Moser provided a study of these two and some other problems
in terms of the spectral curve. In their papers [A-vM 1] and [A-vM 2] Adler and
van Moerbeke expanded the use of the method to the tops (with the exception of
the Kowalewskaya’s case) and on the Toda lattices, thus covering most of the known
integrable systems. However the Lax equation method has a somewhat disturbing
feature. Namely, finding a suitable Lax pair (A, B) for a particular problem is a
matter of a clever guess rather than of an established recipe. Indeed the method is
often called the Lax trick.

Note that the “shifted” invariant functions mentioned above are equivalent to a
special case of the spectral curve construction. Expanding Q(z,w) with respect to w
gives

Q(z,w) = Zwi - 4:i(A(2))

where ¢; are the invariant polynomials of the relevant Lie algebra. Taking A to be a
Lie algebra valued polynomial of degree one gives the shifted invariants construction.

The interaction of the algebraic geometry and Lie theory is very apparent in the
proof of the integrability of Hitchin’s systems. This is not surprising since the relevant
data C' and G of the phase space

My = Hom(m(C); G%)/GC = T*(Hom(m,(C); G)/G) UD

are coming from both sources. Moreover, the space M can be thought of as the space
of representations as well as the moduli space of holomorphic structures on a principal
G®-bundle P — C. Let a € M. The standard deformation argument then gives

T,M = HY(Hom(m (C);G)) = Hﬁl}(C; adP) ,
where [a] denotes the holomorphic structure on P corresponding to the representation
a. By Serre duality we then have T[’;]./\/l = H&(C’; adP* ® K), where K is the
canonical line bundle of C'. So the field ¢ from the equation 4 is a section of adP @ K
holomorphic with respect to [a]. Let (qi,...,q.) be a basis of the Adgc-invariant
polynomials on g&. Then ¢;(®) is a holomorphic section of the line bundle K% — C,

i.e. an element of the vector space H°(C; K%). Combining the Riemann-Roch
theorem and the well known formula Y _,(2d; — 1) = dim g, gives the equality

dim @ H(C; K“) = dim M .

i=1
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Let {[c; ]} be a basis of the space H*(C; K%)* =~ HY(C; K'=%) for each i = 1,...r

and let oi; j be 1-forms with values in K (1=di) representing the cohomology classes [ 4]

Then we can define dim M functions f; ; : T*M — C by fi ;(®) = [ a;; - ¢:(P). Let
c

A denote the space of the differential operators 0 +a : Q°(C; adP) — QOY(C; adP)
acting by (0 4+ a)s = 0s + [a,s]. The gauge group G = C*(C;G®) acts on A and
M = A/G. To prove the Poisson commutativity of the functions {f; ;} Hitchin used
the fact that the space 7*M is the symplectic quotient of the space 1A with respect
to the lifted action of G on T*A. The Poisson commutation of the functions f;; on
T* A which descend on f; ; under the symplectic quotient in immediate.

Despite the absence of the Lax equation in this situation, one can nevertheless
construct the spectral curve S of the system. Again a certain surface M ruled over
C is needed, to be precise M = P(K% @ C). Let z be a coordinate in C' and w a
coordinate in the fibre direction of M. Then the zero divisor S of the section

Qz.w) = wh + 3w . g,(z)

=1

obviously carries the same information as the functions f; ;. Moreover, the flows
of Hamiltonian systems (7*M,w, f; ;) are linearised on the Jac(S) when the struc-
ture group G¢ = GL(n,C) and on some Prym variety lying in Jac(S) when G is
some other classical Lie group. Hence Hitchin’s system is a large family of algebraic
integrable systems.

Lax pairs mentioned above can be seen as a special case of Hitchin’s systems.
Polynomials A of degree d with values in a Lie algebra g can be viewed as the ho-
lomorphic sections of the bundle O(d) @ g — CP!. So, if the role of the basic curve
C is taken by CP! equipped by a divisor of marked points, the moduli spaces of
holomorphic bundles are replaced by the moduli spaces of parabolic bundles and the
polynomials A become objects analogous to the sections ® appearing in the Hitchin’s
systems.

0.2

The main part of this thesis is Chapter 3. Let M be an arbitrary Riemannian symme-
tric space. Then M is homogeneous, more precisely, there exists a real semi-simple Lie
group G and a subgroup U such that M = G/U. Moreover, the projection G — M
is a Riemannian submersion. This means that the natural Riemannian metric on M
is induced by the Killing form K on G. Let g be the complexification of g = Lie(G)
and let g be a real form dual to g. Denote by  an arbitrary element in g and by 5
its conjugate with respect to the real structure corresponding to g C g€. Chapter 3
is devoted to the proof and discussion of the following theorem.



10 CHAPTER 0. INTRODUCTION

Theorem 1 Let M be an arbitrary symmetric space and T*M the cotangent bundle
over it, equipped with the canonical symplectic structure Wee,. Let the Hamiltonian H
be given by the formula

H(q.p) = |[plI* + K(Ad,(B), 5) -

Then the system (T*M, wean, H) is an integrable Hamiltonian system.

The list of Riemannian symmetric spaces composed by E. Cartan is long and
diverse, so the above theorem gives a large family of integrable systems. This family
contains certain known classical examples, but also many new ones. Some of them
are discussed in the section 3.5.

The unit sphere S™ € R™"*! is perhaps the fundamental example of a symmetric
space. At the beginning of section 3.5, we show that in case where M = S™ the system
(T*M, Wean, H) from the above theorem coincides with the classical C. Neumann
system describing the motion of a particle in a quadratic potential. As we shall see in
the chapter 3, symmetric spaces are geodesic sub-manifolds of real Lie groups. The
inversion in a semi-simple real group is an anti-linear operation. This is immediately
clear for example for compact real groups. Every such group is embeddable in SU(n)
for large enough n, and inversion in SU(n) is given by a=! = «a*. Therefore the
potential Vz(q) = K(Ad,(B), B) appearing in the Hamiltonian H is quadratic in some
sensible coordinates, and the systems (7% M, we.,, H) can be viewed as generalisation
of the C. Neumann’s system to the arbitrary Riemannian symmetric space.

Another obvious family of symmetric spaces are the compact real Lie groups. The
“smallest” non-Abelian among them is the group of rotations SO(3). The Hamilto-
nian H,) = ||p||*+ Vz(q) of the system (T*SO(3), wean, H) is invariant with respect to
the action of Stab (3) = U(1). The symplectic reduction (~(0)/U(1),&, H) turns
out to be the spherical pendulum (7%S? wean, Hp)), & classical mechanical system
studied already by Huygens and more recently by Duistermaat.

The other systems that we consider in some detail are those whose configura-
tion spaces are the projective spaces RIP", CP" and HIP". The projective spaces
are quotients of spheres. Concretely RP" = S"/S% CP" = S@*+1) /81 and HP" =
SUn+3) /63 We describe the systems (T*M, wean, H), where M = RP" CP", HP"
in terms of the systems on spheres, which descend on (T*M, weq,, H) when taking
the appropriate quotient. This gives a family of new integrable systems describing
the motion of a particle confined to a sphere under the influence of certain quartic
potentials. More precisely, the following systems are integrable

(1) (T*S™, Wean, Hay), for

Hy(q,p) = lIpll? + 4(Bq, Bq) — 4(Bq,q)* ,
where ¢ = (g1, - . . gus1)) € ROV [ Y ¢2 =1, and 3 € so(n + 1).
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(i) (T*S*" 1, Wean, H(cay) for

where ¢ = (¢1, - . . gns1)) € CTY, Y g2 = 1, and B € su(n + 1).
(ZZZ) (T*S(4n+3)a Wean H(q4)) for

Hgny = |IplI” + 4(Bq, Ba) — |(Ba, a)|? ,

where ¢ = (g1, - - - qny1)) € H®Y, 3™ |gi|> =1 and B8 € sp(n +1).

The main difference between the above systems is the degree of invariance of their
Hamiltonians. They are all invariant with respect to the liftings of the actions corres-
ponding to the appropriate Hopf fibrations. The relevant groups acting are: Zs in the
case (i), the group U(1) in the case (i), and SU(2) in the case (4ii). The integrability
of the system (i1) follows from that of the system (7*CP", wean, H) using the lemma
1, and the integrability of (7ii) is the consequence of (7i) being integrable.

The invariance of (i) and (i) enables us to apply the symplectic quotient and
thus obtain new integrable systems. Let p : T*S®"*) — 4. R be the moment
map of the U(1)-action on (7). The symplectic quotient p~'(0)/U(1) brings us back
to the system (T*CP",weun, H), but taking a non-zero value v € i - R changes the
system. The phase space remains diffeomorphicaly the same, and essentially so does
the Hamiltonian. What changes is the symplectic structure. Instead of w.q, we get
the structure we,, + o, and the 2-form ., is called the magnetic term. In our case
we get

(T*CP" , Wean + VW{FS) ) H(m)) )

where wZ‘F g) I8 the pull-back of the Fubini-Study form to 7*CP". Mechanically such a
perturbation of the symplectic form means adding of the action of some magnetic force
to the system. (This topic is discussed e.g. in [Ma].) In particular, taking CP! = S?
gives us a system describing the motion of a particle confined to the sphere S? under
the influence of a quadratic potential force, and a force of a magnetic monopole placed
in the centre of the sphere.

The case (i) is slightly different, since the group SU(2) acting on it is non-
Abelian. The symplectic quotient N' = p~*(v)/U(1), is a CP'-fibration over T*HP".
The fibre CP! is the part of the phase space parametrising the internal structure of
a particle moving in a Yang-Mills force. The space N can also be thought of as a
sub-bundle of T*CP®**t1  equipped with the symplectic structure @eq, + Wipg)- SO
the system we get is

(Na (Wcan+wszS))/N7 H(YM))a

where H(y ) is again essentially the same as in the system (T*HP", weqpn, H). In case
when we start with the system (7*S7, wean, H) the above construction describes the
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motion of a particle on the sphere S* influenced by a quadratic potential and the
Yang-Mills field.

Proceeding in the same way as in the case of the system (ii), the symplectic
reduction of (T*SO(3), wean, H) with respect to a non-zero element «y € i-R, gives the
system (T*S?, Wean + Yw(rs), Hpmy), which represents a spherical pendulum moving
in a magnetic force.

In general we can apply these observations to all the systems (T*G, wean, H ), where
G is a compact real group, and H(q,p) = ||p||* + K(Ad,(3), 3). The stabiliser T of
3 acts on the system, so we can form different symplectic quotients. Taking 0 € g
as the value of the the moment map 1 : TG — tj gives the system (7*Op, Wean, H),
describing the motion on the coadjoint orbit Og of [ in a quadratic potential, while
taking 0 # v € tj yields (T*Op, Wean + @y, ?[7), adding the influence of a magnetic
field to the motion.

The source for the systems (T*M, wean, H) are Nahm’s equations
. 1 )
E+§Z€Z,],k[E7Tk] 1= 172737 (6)

where T; : [ — g are functions with values in some semi-simple Lie algebra. These
equations originate in the gauge theory, being a rewriting of the Bogomolny equations
for the magnetic monopoles in R?. (See [Nahm], [Do], [Hi 3] ) It was observed by
Donaldson in [Do], that in the case, where g = su(2), Nahm’s equations give rise to
the variational problem, describing the motion of a particle in the hyperbolic 3-space
H? under the influence of the potential Vz(h) = Tr(Ady(3) - 3*). More precisely, the
solutions of 6 are in one-to-one correspondence with the solutions of the variational
problem on H2. In the section 3.1.2 this statement is generalised to the arbitrary
semi-simple Lie algebra g giving the variational systems on any homogeneous space
of the form H = G*/G, where g = Lie(G), and G is the comlexification of G. From
this we get the systems on any symmetric space M, since we can find a G that M C 'H
will be a fixed point set of an involution and thus a totally geodesic sub-manifold.
This is shown in 3.1.1. The precise relationship between Nahm’s equations and the
systems (T M, Wean, H) is given in proposition 24 in 3.1.2. It states that the solutions
of (T*M, Wean, H) are in one-to-one correspondence with the solutions of the equations
6, where
TWI5: 1 —ip , Th: [ —u.

Here g = u @ p is the Cartan decomposition of g corresponding to the symmetric
space M = G /U, and u = Lie(U).

Nahm’s equations have a rewriting in the form of Lax equation
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where ®;(2) = (Ty + iT3) — 2(2¢T1) + 2*(T> — T3). This places our systems in the
context of algebraic completely integrable systems studied by Adler, van Moerbeke
and others. It should be noted that in this case the Lax form is not a mere trick,
but has a clear gauge theoretical motivation. To every connection A on the bundle
£ — R* which carries a metric there corresponds a unique 0-operator 9, making
the bundle £ holomorphic with respect to a chosen complex structure on R* . The
complex structures on R* are parametrised by CP!. The connection A satisfies the
ASD equation *F4 = —F} if and only if 04 is an integrable holomorphic structure
with respect to every complex structure z € CP'. Nahm’s equations can be thought
of as the ASD equations for the connections on £ which are invariant with respect to
three of the four directions in R*. Rewriting them in the above sense gives precisely
the equation 7, where the spectral parameter z represents the complex structure on
R,

In the previous section we have seen that Hitchin’s systems constitute the largest
known family of integrable systems, so it makes sense to try to establish how the
systems (T* M, Wean, H) fit into it. It is immediately clear from 7, that the base curve
C will be CP! with a certain divisor D of marked points. In the subsection 3.2.3
we get the following result. Let Mp be the moduli space of the framed G®-bundles
over CP! with the marked points D = {py, p2, p3, 4} Divide the points p; into pairs
and let the elements of the pairs coalesce, giving the divisor Dy of two double points.
Denote the resulting moduli space by M ps. Then we have:

The system (T*GC, Wean, H) is Hitchin’s system on T* M pa. (8)

The above statement enables us to prove that the systems (7*M,weq,, H) are
actually integrable. The integrability of the Nahm’s equations is well known, it follows
e.g. from 7. The problem we have here, is to prove that the integrals Poisson-commute
with respect to the right symplectic structure. This is done in the subsection 3.3.1.

The systems on T*M are obtainable from the one above by imposing appropriate
involutions. Since the dimension of the problem diminishes, some of the integrals
of the “master system” become constant on the whole phase space. In other words
they assume the role of constraints. These constraints are constructed in the section
3.4, and interpreted in terms of the spectral curve at the end of the section. This
description should hopefully be useful in the explicit integration of the systems in
terms of theta functions.

The occurrence of relatives of Hitchin’s systems in statement 8 motivated Chapter
2. There Hitchin’s systems on the moduli spaces of parabolic bundles are studied.
That such systems should exist is not surprising. Roughly speaking, a moduli space
of parabolic bundles over a curve with (say) one marked point is a fibre bundle having
the moduli space of the appropriate holomorphic bundles as the base and a coadjoint
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orbit of the structure group as the fibre. Both these spaces are configuration spaces
of certain integrable systems, so it is reasonable to hope for the global existence of
the right number of Poisson-commuting functions on the total space. Moreover, such
systems were already constructed by E. Markman in [Mk]. For the special case, where
the base curve is the projective line CP! with marked points, this was previously done
by Beauville in [Be|. The approach of Beauville and Markman is an algebro-geometric
one. We follow Hitchin’s approach which is motivated by the gauge-theoretic source of
the construction and therefore of a more differential-geometric nature. The advantage
of this approach is, that it gives us a more detailed description of the symplectic
structures on the spaces involved. As a result we obtain two essentially different
families of integrable systems, as we outline below.

First in the section 2.1 we construct the cotangent bundle 7" Mp over the moduli
space of G®-bundles P — C framed at the divisor D of marked points. Following
Hitchin, we describe T* M p as the symplectic quotient of T*A, where A is the space
of J-operators on P, with respect to the action of the subgroup Gp = {g € G; g(p;) =
id,p; € D} of the gauge group G. There is the obvious action of the group G% =
1997 G€ =~ G/Gp on T*Mp. Let Bp = [[%9") B; ¢ G5, be a subgroup such that

B; C G¥ is a Borel subgroup for every i. Than we can form two different symplectic
quotients of the space T* Mp.

1) (T*Mpar » Wean) = ,u‘l 0)/Bp,where pp is the moment map corresponding to
p B
the action of Bp.
(it) ((T*M))b. , wmkk) = 1p (A\p)/Hp, where up is the moment map of the
GS-action, A\p € Lie(GY) a regular element, and Hp C G% the stabiliser of
AD.

The detailed description of these objects is given in the section 2.2. The situation
can be described in the following way. Let &' ¢ (@)% p,)* = (Lie(Hp))* consist
of regular elements Ap and let S = S8"U {0} where {0} = (0,...,0) € (Lie(Hp)*. We
show that the spaces (7*M) 0. and T* M, are diffeomorphic. So we have a family
of symplectic structures wy, on T%M,,, parametrised by & where wy, = wmkr for
regular Ap and wy, = wean for A\p = 0. The spaces (T* My, wy,,) are holomorphic
symplectic spaces, that is for every A\p there is a complex structure Iy, on T*M,,,
such that w),, is holomorphic with respect to I,,. The space (T M4, wy,) is an ex-
ceptional member of our family in the sense described in section 2.3. In section 2.3 we
construct integrable systems for every member of the family {(7*Mu,,wy,); Ap €
S}. The Poisson commuting integrals are induced from the Poisson commuting func-
tions previously defined on T* M p. In section 2.4 we describe the spectral curves and
the corresponding Abelian varieties of these integrable systems for the case where
G® = SL(n;C). The spectral curve S of the system on (T*M,q,,ws,) lies in the
projectivizaton of the line bundle K(D) — C. We find that the intersections of S
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with the fibres K(D),, above the points p; € D are fixed and determined by Ap. The
exceptionality of the system on (7M., Wean) is reflected by the fact that in this
case the intersections S U K (D),, are contained in the zero section of K (D) — C. So
the curve S has ramification points of maximal degree at p; € D. Finally we describe
how the parabolic structure on E = m,(L) — C is recovered from the line bundle
L — S on the spectral curve in the cases, where E € (T*M))> and E € T* M,

par

In section 1.2 we study real symplectic structures on complex coadjoint orbits. The
situation we address is the following. Let G© be a complex Lie group, (g®)* its dual
Lie algebra and OEO a coadjoint orbit of a generic element \y € (g©)*. Every coadjoint
orbit Ogo carries a natural symplectic structure wgx called the Kostant-Kirillov struc-
ture. One way of obtaining the symplectic space ((’)go, wk ) is taking the symplectic
quotient 1~1(N\g)/H,y,, where i : T*G® — (g©)* is the moment map of the GC-action
on T*G® and H,, C GC is the stabiliser of \¢ with respect to the coadjoint action. On
the other hand, one can form the symplectic quotient p5'(0)/B = T*G®/B, where
B C GC is a Borel subgroup and pup the appropriate moment map. In both cases
we treat the space T*GC as a real symplectic manifold and forget about the complex
structure it carries. The two quotients are diffeomorphic, but obviously not symplec-
tomorphic. In Proposition 3 we describe the relationship between the two. Again,
there is a diffeomorphism P and a 2-form [, such that

P (05, , wik) — (T*(GS/B) , Wean + 3)

is a symplectomorphism. The form [ is the magnetic term. An explicit formula
for 3 is given. Magnetic term is discussed by many authors. The situation usually
considered is the difference between two symplectic quotients of the form p~'(a)/H,
and p~'(b)/Hy, where u: M — g is the moment map of the G-action on M. In the
case when G is not Abelian the spaces u~'(a)/H, and p~'(b)/H, are not necessarily
diffeomorphic. In our case we consider two diffeomorphic quotients, but the groups
acting are different. Our approach follows the one of Duval, Elhadad and Tuynman
in [D-E-T]. In the Proposition 4 we generalise 3 to the quotients of the symplectic
spaces of the form T*P, where P — B is a principal G®-bundle.
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Chapter 1

Some symplectic geometry

In the first section we briefly recall a few basic definitions of symplectic geometry. In
particular we will define integrable systems and describe symplectic reduction which
will be an important tool in the sequel. The second section is devoted to a more
detailed study of a certain aspect of the symplectic geometry of complex coadjoint
orbits. We will compare two essentially different symplectic structures on these orbits.

1.1 Preliminaries
We begin by recalling the definition of the fundamental object of our interest.

Definition 1 Let M be a 2n-dimensional complex manifold and w € Q*(M) a closed
non-degenerate 2—form, i.e. dw = 0 and W™ # 0. Then w is called a symplectic
structure on M and (M,w) is called a symplectic manifold.

Let H : M — R be a function. The vector field Xz on M satisfying the equation
i(Xg)w=dH

is called a Hamiltonian vector field.

A triple (M, w, H), where (M,w) is a symplectic manifold and H is a function on
M is called a Hamiltonian dynamical system. The solutions of such a system are the
curves v : I — M satisfying the equation

¥ =Xn (1.1)

Remark 1 The Darbouz theorem ensures the existence of a system of local coor-
dinates (P1, ..., Pns Qs s @) 00 M such that w = Y7 dg; A dp;. The equation 1.1

17
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rewritten in these coordinates becomes the classical Hamiltonian system
q=0H/op
p=—0H/0q.
Let G be a Lie group acting symplectically on M. That means that for every diffeo-
morphism g : M — M given by g(m) = g - m, we have
7 (w) = w.
Choose an element £ in the Lie algebra g of the Lie group GG. Then we can define
a vector field X, by
d
Xe(m) = = lio (eap(tE)) (m).
Locally there always exists a function f : M — C such that
df = Z(Xg)u)

Under the assumption H},,(M) = 0 such a function exists globally and it is unique
up to an additive constant.

Choose now a basis ({1, ...,&,) for g and define a map
peM—g
by .
p(m) =" fi(m)¢'.
i=1

Here f; are Hamiltonian functions of the vector fields X, and {£'} € g* is the basis
dual to {&;}. Assume that the mapping p has the following equivariance property:

(g - m) = Adgp(m).
The mapping p : M — g* is called the momentum mapping for our G-action on M.

Theorem 2 (Symplectic-Reduction) Let o € g* and let G,, be the isotropy group
of o with respect to the coadjoint action of G on g. Then the manifold

pH(@)/Ga
is a symplectic manifold with the symplectic structure w for which we have

T'w = 1"0.

Here i : p~'(a) — M 1is the inclusion and 7 : p=*(a) — p~(a)/G, the natural
projection.
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The space u~*(a) /G, is often called the Marsden-Weinstein reduction of the sym-
plectic G-space M.

Definition 2 Let f,g: M — C be two functions. Their Poisson bracket is defined
by

Later we will use the following proposition proved by Hitchin in [Hi 1].

Proposition 1 Let M be a symplectic G-space and let f, g be two G-invariant func-
tions on M. If f and g Poisson commute on M, i.e. {f, g} = 0, then f and g
Poisson commute on u'(a)/G,. Here f and g are the functions on the reduced
space = (a) /Gy naturally induced by the G-invariant functions f and g.

O

Definition 3 Let (M?",w, H) be a Hamiltonian system. Suppose there exist n func-

tions
H=H,,.. H,

such that they pairwise Poisson commute and are functionally independent, i.e. dHy A
... NdH, # 0 almost everywhere. Then the system (M*",w, H) is called integrable.

When referring to systems integrable in the sense defined above the terms complete
integrability and Liouville integrability are also frequently used. Suppose the level
sets L. = {&x € M; H; = ¢;} are compact. Then by Liouville’s theorem they are
diffeomorphic to a disjoint union of n-dimensional tori diffeomorphic to 7. If we
have an integrable system we can define a symplectic action of the Abelian group
T almost everywhere on M. This action is given by the following prescription. Let
t = (t1,...,t,) € T, where the torus is represented as the quotient 7" = R"/A for
some lattice A =2 Z"™ C R", and t; are the coordinates of ¢ with respect to A. Let
H, = ti1H; + ... +t,H, be a new Hamiltonian and ~; its integral curve such that
7:(0) = m. Then we set:

t-m=my(l).
By its construction this action is symplectic. In addition the Hamiltonian H is 7-
invariant. The momentum mapping p : M — t* is defined by

plm) = > Hi(m)r’

where {7} is a basis of t*. In this case the Marsden-Weinstein quotient p~'(¢)/T is
a discrete set of points for a generic ¢.

We conclude this subsection with the following lemma.
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Lemma 1 Let (M,w, H) be a Hamiltonian system and assume that the Hamiltonian
H is invariant with respect to the symplectic action of an r-dimensional torus T on
n- dimensional space M. Let N = u=(a)/T be the symplectic quotient corresponding
to a reqular value a € t* of the moment map p, and suppose that the Hamiltonian
system (N,w, H) is integrable. Then the original system (M,w, H) is also integrable.

Proof: Let E, 1 =1,...,n—r be independent Poisson-commuting integrals of the
system (N,w, H). The only problem in proving this lemma is to define the functions
H; : M — R which will induce the functions f[z after descending on the symplectic
quotient. Denote by m : M — P the natural projection on the space of T-orbits
P = M/T, and let p(m) = >7"_, Fj(m)7? be the expression of the moment map

p: M —

-----

functions Fj, j = 1,...,r are constant on p~!(a) and therefore yield the constant
functions }?} on N = p~'(a)/T C P. For every Hamiltonian vector field &z, restricted
on p1~'(a) we have o({p, )w = 0, where w is the symplectic form on M restricted to
p~(a). Therefore, as it is proved in [G-S|, page 175, the distribution = C T (a)
spanned by the vector fields (g, .. .,&g.) is involutive and it integrates into a foliation
F= of p~'(a) which in our case is fibrating over N, i.e. there is a fibre bundle
p~'(a) — N whose fibres are the leaves of the foliation F=. Denote by VF}, j =1,...r
the fields dual to the Hamiltonian fields {r, with respect to the non-degenerate form
w on M. The Darboux theorem for sub-manifolds (see [G-S], page 155) then enables
us to write w locally at the point o € p~*(a) C M in the form

(n—r) T
w = Z dqi/\dpi—i—Zdhj/\dgj,
i=1 j=1

where the 1-forms dh; and dg; dual to the vector fields £, and VF} respectively.
From this we see, that for every j =1,...7

(VE)Z =0,

where ij are the vector fields on P = M /T induced by the T-invariant fields V £},
and w is the form on P such that 7w = w. By the argument cited above, the
distribution A C TP spanned by {VF;; i = 1,...,r} is involutive and integrates into
the foliation Ga. This provides us with another fibre bundle p : P — N having the
leaves of Ga as fibres.

Define now the functions EI\J : P — R by ﬁlj(m) = ﬁj(p m)) for every j =
1,...,n —r, and finally the functions H; : M — R by H;(n) = H;(m(n)).
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We claim that we can take the functions H; , j=1,...,n—r,and F}, j=1,...r
as the system of n independent commuting integrals on the space M. The functions
F; obviously Poisson-commute among themselves. In addition, the functions H; are
constant along the integral curves of the Hamiltonian vector fields {r; since these
curves lie in the fibres of the projection 7. Therefore we have (dH;, Xr,) = {H;, F;} =
0 for every pair (H;, Fj). That the extended integrals H; commute among themselves
is clear from their construction, as is the independence of the system {H;, F; ;j =
L,...,ryi=n—r...,n} O

1.2 Symplectic structures on complex coadjoint or-
bits

Let G® be a complex semi-simple Lie group and g® its Lie algebra. In this section
we will describe some aspects of the symplectic geometry of the homogeneous space
G®/H, where H is a Cartan subgroup in G, i.e. a maximal Abelian subgroup. The
spaces G®, H and G®/H are all complex, but in this section we will ignore their
complex structures and will be concerned with the underlying real spaces. If for

example G¢ = SL(n;C), then we will think of G® as the subgroup of SL(2n;R) with

the embedding
. ( a b)
a-+1b— )
—b a

It is well known that the homogeneous space G¢/H is endowed with a family of
holomorphic symplectic forms, but the symplectic forms we will be concerned with
are real.

Choose a semi-simple regular element Ay in the dual Lie algebra (g€)* and suppose
it is contained in a compact Cartan subalgebra t. The stabiliser of Ag with respect
to the coadjoint action is then a commutative group H Ao whose Lie algebra is the

Cartan sub-algebra b Ao = tC C g containing )\¢. Denote the coadjoint orbit of Ay by

Ogo. We have then

cC _
@ N
In general adjoint and coadjoint orbits are different. But in the case, where the Lie
algebra in question is equiped with an ad-invariant non-degenerate scalar product the
two types of orbits are diffeomorphic. In our case such scalar product is provided by
the real part of the Killing form on g°.

G“/H), -

Recall that a generic class in the cohomology group H?(G®/H;R) is represented
by a symplectic form on G¢/H, and that in addition to this, the group H*(G®/H;R)
can be identified with the real Cartan sub-algebra t C g€. These facts can be found
in [D-H]. As we shall see, the zero class [0] € H?(G®/H;R) is not generic, but it
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is nevertheless represented by a symplectic form on Ogo. The aim of this section is

to provide a comparison between the form corresponding to [0] € H*(G®/H;R) and
those corresponding to generic classes in H2(G®/H;R).

1.2.1

One of the natural ways of equipping the homogeneous space G¢/H with a symplectic
structure in to represent it as a symplectic quotient of another, simpler symplectic
space, namely the cotangent bundle T*G® equipped with the (real) cotangent sym-
plectic form. We can obtain Ogo as a symplectic quotient of T*G® in two fundamen-
tally different ways. As a result we get two different symplectic forms on Ogo'

Our considerations would be valid with some modifications for more general real
Lie groups. The reason we concentrate on the case of a complex Lie group G€ viewed
as a real group is that the two different symplectic quotients we will encounter yield
difeomorphic but not symplectomorphic spaces. In the case of a general real Lie group
the quotients would not be diffeomorphic.

We now describe the two symplectic forms in question.

(i) Kostant-Kirillov symplectic form

Let G€ act on itself, say, by right translations. The lifting of this action on T*G®
gives a symplectic action whose moment map

p o T°GE — (g)*
is given by the formula
pa(g, A) = Adg(A).

(Here we trivialised T*GC by left translations.) Since ;' ()\g) is isomorphic to G€ it
is clear that

pit (Vo) /Hy = GE/H)y,

The canonical symplectic form w on T*GC is exact; it is the derivative of the tauto-
logical form «, so we have

W(X,Y) = da(X,Y) =Y - a(X) — X - a(Y) + a([X,Y)) (1.2)

for every pair X,Y of vector fields on T*G®. The tautological form « is given by the
formula

OQ\(X) = </\7 W*(X»W()\)

where 7 : T*G® — GC is the natural projection and (-, )= is the pairing of
covectors and vectors at the point 7(\) € G. Let us trivialise the cotangent bundle
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T*GC by the left translations to get the isomorphism T*G® = G€ x (g)*. Choose
a point (g, \) € G€ x (g©)*, and two vectors (a,, @) and (by, 3) in the tangent space
Tig ) (GE x (g%)%), where ag4,b, € T,G®. Denote by dL,-1 : T,G¢ — T,G® = g the
derivative of the left translation by ¢~!. Then we can deduce from the equation 1.2 the
following formula for the symplectic form on T*G® expressed in the left trivialisation:

wig ((ag, @), (bg, B)) = (a, dLy-1(by)) — (B, dLg-1(ay))

+ (A, [dLg-1(ay) , dLg-1(by)])

(1.3)

Let us now restrict the situation on the subspace p;'(\g) = {9, Ad; (M)} C
G® x (g%)*. The tangent space T, )\0)(G(C X Ag) is isomorphic to the tangent space

T,GC. Each a, € T,G® can be expressed as dR,a for some a € g&. Let v: uy'(\) —
T*G® be the natural inclusion and let +*(w) be the pull-back of the symplectic form
w. From the equation 1.3 we then get

z*(w)(gAO)()N(,}N/) = Wy \ (do(X), de(Y))

)
= Wi, (9 by)

= (o, [dLy1dR,(a) , dL,+1dRy(D)]) (1.4)
= (do, [Ady-1(a) , Adg-1(D)])

= (Ad; (M), [a, b))

We can now finally write the expression for the induced symplectic form wg g on
the coadjoint orbit Ogo. The projection pr: u;*(Ag) — Ogo is given by the formula

pr(g, Ao) = Adg-1(Ao) -
The form wg i has to satisfy the condition ¢*(w) = pr*(wkg). The derivative of the
map pr is given by the formula dpr , )\0)<Adg*17) = —{Adg1y , Ad;_(Xo)}, where

{ -, -} denotes the coadjoint action of g€ on g&" via the real pairing of g€ and (g©)*.

In order to reduce the amount of symbols used, we are going to write the formula for

wkk at the point Ay € Ogo' Clearly, this will determine wg g at every other point of

the orbit and the expression will be essentially the same. Since pr(e, A\g) = Ao, we get
from 1.4 and from pr*(wgk) = 1*(w)

(priwkk) pg(a:b) = (wkk)y,(dpr(a) , dpr(b))
= (wkk)y,({a, Ao} . {b,Ao}) (1.5)

= <>‘0a[a> b])
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Now, every element o in the tangent space Ty Og\o is of the form {a, \g} for some

a € g%, so we can finally write the formula for wgx
(wrk)pg (@ B) = (Ao, [a, b]), (1.6)

where the equalities « = {a, Ao} and 3 = {b, \g} hold. (The elements a and b are of
course not uniquely determined.) The form wgk is the well-known Kostant-Kirillov
symplectic form on Og\o'

(i1) The canonical form of the cotangent bundle

Let now B be a Borel subgroup of G® and let B act on G® by left translations.
The lifting of this action on T*GC is again symplectic, and the appropriate moment
map is given by a similar formula as before

IMZ(gv >‘) =\

Here 2* : g© — b is the projection dual to the natural inclusion ¢ : b — g©. Denote
by n = b C (g%)* the polar of the Borel sub-algebra b € g©. Then we obviously have
131 (0) = {(g,\); A € n}. Since the centraliser of 0 € b* is the whole group B, the
symplectic quotient is simply

13'(0)/B = T*(G/B).

The induced symplectic form on T*(G®/B) is just the canonical cotangent symplectic
form weqy,. Since wee, = da, where o again denotes the tautological 1-form, we have

[Wean] = [0] € H*(T"(G%/B)).

As we shall show later in the text, the manifolds (’)go and T*(G®/B) are diffeo-

morphic.

Proposition 2 Let G¢/H be the quotient of a complex semi-simple Lie group and a
Cartan subgroup. Let g© = Lie(G®). Then the cohomology group H?((G/H);R)can

be identified with the Cartan sub-algebra t C g©.

Proof: The space G®/H is the base space of the fibration G* — G®/H with the
fibre H. From the part of the basic exact sequence of the spectral sequence

..— HYG*/H) - H'(G®) — H'(H) & H*(G°/H) — H*(G®) — ...,

and from the fact H'(G®) = H?(G®) = 0 which is a consequence of the semi-simplicity
of G we conclude that
7 H'(H) — H*(G®/H)
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is an isomorphism. Let T C H be the maximal compact subgroup, i.e. a maximal
torus in the compact real form G C G¢. Then we have H'(H) = H'(T) and clearly,
we can identify H'(T) with t*. The isomorphism 7 is the usual transgression homo-
morphism. So 7(A\) = 3 means that X is a restriction on b of the form X € (g€)*, such
that B

d\ = 7" f3,
where 7 : G¢ — G®/H is the projection.

Assume now that we realize the homogeneous space G/ H as the coadjoint orbit
(’)go of the regular semi-simple element \y € (g©)*. Comparing the construction of

the Kostant-Kirillov form wg g with the transgression isomorphism we observe, that
7'()\0) = WKK-

We can realize the space G®/H as the coadjoint orbit of any regular element lying in
the chosen dual Cartan sub-algebra t* C (g©)*, that is, of any element in t* away from
the walls of the Weyl chambers in t* . Since we have seen how to identify H?(G®/H)
with t* we have proved, that a generic class in H?(G®/H) is indeed represented by a
symplectic form on G¢/H. O

1.2.2

The point 0 € tis not regular. In fact it is the most exceptional one in the sense that it
has the largest stabiliser with respect to the coadjoint action of G¢. Clearly the whole
GC is the stabiliser. Nevertheless, the zero class [0] € H?(G®/H) is also represented

by a symplectic structure on G/H = (9&0. As we shall see the comparison between

the symplectic structure corresponding to [0] € H?*(G®/H) and a generic one is
not canonical. It depends on the choice of a connection A on the principal bundle
7 : G — G/B. Denote by A,, the 1-form A\ o A on G®, and let the 2-form v,
satisfy the condition

dA)\O = 7T*(’}/>\0) :
Finally, let 3y, be defined by 8, = pr*(7,), where pr : T*(G¢/B) — G®/B. The
rest of this section is devoted to the proof of the following proposition.

Proposition 3 The coadjoint orbit Ogo of a reqular element Ny € (g%)* and the

cotangent bundle T*(G®/B) are diffeomorphic spaces. Moreover, there exists a 2-
form By, on T*(G®/B) such that

P (Ogo s wik) = (T(GY/B) , wean + Bo)

is a symplectic diffeomorphism for some appropriate map P depending on the choice
of connection A on 7 : G — GC/B. Here B\, = pr*(y,), and

(VAO)[6]<Q> b) =b- A)\o (CL) —a- A)\O (b)
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where [e] = w(e) and a,b € TjyG®/B.

The strategy of the proof is based on [D-E-T] We will brake the argument into
three steps. First we are going to construct another symplectic quotient M Ao of

T*GC. We will than compare My, to (’))\ on the one hand, and to T*(GC/H)\O) on
the other.

Step 1: Construction of M)\o

Let as before b Ao be the Cartan sub-algebra corresponding to H Ao’ Let A be the
system of roots in h and A = A, + A_ some decomposition of A on positive and
negative roots. Denote by b Ao the Borel sub-algebra

by, =B, ® €D 0a

acAt

Lemma 2 Let i : b)\o — g© be the natural inclusion and i* : g& — bt\o the projec-

tion adjoint to i. Then i*(X\g) = vy is invariant with respect to the coadjoint action of

By,

Proof of lemma 2: Since B Ao = = exp(b) ) it suffices to show that 14 is invariant
with respect to the coadjoint actlon of the ﬁle algebra b Xo*

Since [b)\O’ b)\o] =ny, = D ca+ 9o, we clearly have

(v0, by, by, ) = 0.

Denote the coadjoint action of x on vy by {z,14}. Fixing an = € b Ag» e have for
every y € b Ao

(vo, [z,y]) = ({vo, 2}, y) =0
and therefore {1y, 2} = 0.
O

Let the group B)\o act from the left on 7*G® and let pp : T*G¢ — b*AO be the
moment map of this action. The formula for this map is

nB(g,A) = i*(A).
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(Again we trivialised T7*G® by the left translations) The above lemma tells us that
the stabiliser of vy € b*)\o with respect to the coadjoint action of B Ao is the whole

group B Ao’ and this allows us to form the symplectic quotient

We will denote the induced symplectic form on M Ao by w Ao

For later use we have to describe the preimage ,u;l()\o) under the trivialisation by
the left translations. Let (g, A) be an element in the preimage and let o € b Ao be
arbitrary. Writing A = Ao + v we get

<)‘0’ a> = <Z*(/\)7 Oz)
= <)\0 + s Z<a)>

= <)‘07 Oé> + <77 Oé>
Therefore (v, a) = 0 for every o € b),- From this we sce that (M) = GE x (Ao +

nA0) = GC x nlo,
Step 2: Symplectomorphism between M/\o and O(/C\o

Lemma 3 There exists a symplectic action of G© on M/\o'

Proof of lemma 3: Let G act on itself from the left. Since B Ao acted from the

right, the two actions commute, and so do their liftings on 7*G°. The moment map
Hec T*G® — (g%)* of our new action is given by the formula

neel(g,N) = Ad))

Clearly, the GC-action leaves invariant the space ug' (o) (in the right trivialisation
this action is given by h - (g, A) = (gh, A) ) and it therefore descends on a symplectic
G®-action on the symplectic quotient M Ao* The action is symplectic since it is induced

by a symplectic action on 7*G® on the symplectic quotient M Ao’
([

Lemma 4 The orbit (’)go contains the affine plane Ao + n0, where no C (g%)* is
the annihilator of the Borel sub-algebra b Ao © gC with respect to the natural pairing.
More precisely, Ao +n)‘0 = Ad*B/\o (X\o), where B Ao 18 the Borel subgroup corresponding
to the sub-algebra b/\o'
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Proof of lemma 4: We will show, that

No + 10 = AbL ().
Ao

Lemma then follows automatically.

Choose an element b € B) ~and write Ad;(Xo) = Ao+~. Take an arbitrary element
ach Ao and consider the pairing

(Adj (X)) = (Ao +7, @)
= (Ao, a) + (7,q) (1.7)
= (Ao, Ady())

Define the map f : By — (g©)* by the formula f(b) = (Ao, Ady(a)) for a fixed
o € g€ At an arbitrary point by € B Ao the derivative of f is given by

dfbo(X) = <>‘07 [Xv Adbo(a)D =0,

where X € T}, B Ao = b Ao- Since its derivative is everywhere zero, f is a constant
mapping, and therefore (\g, Adp(v)) = (Ao, ). From 1.7 we then get (v, ) = 0. This
being true for every a € b Ao’ the element v indeed lies in the annihilator nA0 of b Ao’

which proves the inclusion Ad*BA (Ao) C Ao+ o,
0

In the n-dimensional Lie group of rank r the dimension of a Borel subgroup is
(1/2)(n+r) and that of its annihilator (1/2)(n—r). The stabiliser of \g in B), is the
Cartan subgroup H Ao which is r-dimensional, so the dimension of the homogeneous

space AdB)\ (Ao) is (1/2)(n —r) = dim(Xo + n)‘o). So AdB)\ (Ao) is an open subset
0 0
in \g + n>‘0. Since it is also a closed subset, we finally have AdB/\ (Ao) = Ao + 11)‘0.
0

One could also prove the inclusion A o Ogo using the invariant polynomials.

Let (g%)* be identified with g© via the Killing form K. Denote the image of \g + nAo

with respect to this identification by # g +11)‘0. Represent g by the ad-representation.
In a right choice of the basis in g© (the one dual to a simple system of roots in A ) the

elements of #(\g + nA0 will be upper-triangular matrices with the representative )TO
of A\g on the diagonal. The orbit Ogo corresponds to the elements x € g© such that
pi(z) = pi(No), i = 1,...,7, where {p;}/_, is some basis of invariant functions on g®.
Since in an upper-triangular element z the values p(x) depend only on the terms on
the diagonal, we have p;(z) = p(j\v()) for every ¢ and every element x € # (Ao + n/\o),
which proves Ay + no Ogo'
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O

The above result will be used in the proof of the following two lemmas.

Lemma 5 The moment map
. C
Hage : M)\O — O)\O

is a diffeomorphism.

Proof of lemma 5: First we see directly that
Im(pge) = {Ad:(V); g € G\ € Ao+ (n)0},

and so we clearly have Ogo C Im(ugc). On the other hand, the G®-action on M Ao is
obviously transitive. The equivariance of our moment map then implies Im(uge) =
Og\o' The equality

AdB)\() ()\0) = )\0 -+ ﬂ)\o (18)

proved above will enable us to prove the injectivity of the map ugc. Suppose we have
(91, A1) and (g2, A2) in ' (10) = G© x (Ao +1ny,) such that pge(g1, A\) = pee(ge, A2)-
This would mean that Ad; (A1) = Ad;,(A2). The equality 1.8 gives us the existence
of elements by,by € By ~such that Ay = Ady (Ao) and Xy = Ady,(Mo). So we have

bilg tgabs € H)\o' Since HAO C B)\o this means that by = g; 'g» is an element of
B),- The clements (91, A1) and (g2, A2) therefore lie in the same B Ao -Orbit, (they
differ by bg), which proves the injectivity of the map pge.

O
Lemma 6 The moment map
pee : (M, 0y) — (05, wxx)

is a symplectomorphism, i.e. j1}c(Wikk) = W),

Proof of lemma 6: First we shall describe the form w Ao’ and then compare it to
the pull-back of wix. Let again T*G® be trivialised by the left translations, giving
the isomorphisms T*GE 2 G x (g)*, and ug5' (o) = G€ x (Ag +n0). We will work
at a point of the form (e, \g +7) € G€ x (A\g + n)‘O). The proof of the lemma at a
general point (g, \g + ) will then follow immediately.
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Let 1 : ' (Ng) — T*GC be the natural inclusion. From the formula 1.3 we get
the following expression for the restriction +*(w) of the symplectic form w.

Z*(w)(e,)\o.i_»y)((a? O./), (ba ﬂ)) = <C¥, b) - <ﬁa CL>
(1.9)
+ <()\0 + ﬁY)? [CL, b]>
Here (a,a) and (b, 3) are elements of the tangent space T, (G® x (Ao + n)‘o))
Ao

e, A0+7)
which is isomorphic to g€ x n
Let now wg i be Kostant-Kirillov form on Ogo and /17, (Wi k) its pull-back. Then

we have
e (i) g 1y (@ @), (0, 8)) = (i) (drige(a, ), duge(B, ) (1.10)

Let t — (g(t), \o+9(t)) be a path in G x n20, such that g(0) = e, Ao+6(0) = X+,
and 4|,_g(t) = a, 4],_o(Ao+0(t)) = a. The derivative of the map pe is then given
by the formula

(dUGC)(ey)\O_W)(av a) = %‘tﬂ)Ad;(t)()‘O +4(t)) (111)

= {a,M+7}+a

The elements a and 3 lie in the tangent space T( O(g\ , so there exist a, 3 € g®
0

Ao+7)
such that ad)\OJW(oz) = «a and adAoﬂ(ﬁ) = (. Now we can put the formula 1.6 for
Kostant-Kirillov form into 1.11 and get

MZC(WKK)(G,)\O_FW)((%O‘)?(b’ﬁ)) = <>‘0+’7a [a+&7b+ﬁ]>

= {a+a, +7}, b+0)

= <{aa)‘0+7}7 b>+<{@,>\0+7} ) g>

The elements o and Ao+ both lie in the annihilator nAo of b)\o’ and since {a, A\o+7} =
a, the element « lies in the sub-algebra b Ao The same is true for B So the term

Ha,o+7}, B = o+, [@ 7] is equal to zero. This finally gives us

,UZC(WKK)(&)\O_,_W)((&» a),(b,8)) = (a, b)—=(F, a) (1.12)
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Comparing the expressions 1.9 and 1.12 we see that the forms +*(w) and pf,c (Wi k)
on ugl()\o) are the same, so they will descend onto the same form on the quotient
wg (No)/B Ao = Ogo which proves the lemma.

O
Step 3: Comparison between My —and T*(GC/B)\O)

The second half of our task is to construct a diffeomorphism
R: M/\o — T*(GC/B)\O)

and a 2-form §y on T *(G°/B )\0) such that R will be a symplectomorphism between
(M)\o’ w),) and (T*(GC/B)\O), Wean + B)\O). As we shall see, the 2-form ) ~descends
on the base space of the cotangent bundle, i.e. it is of the form 3 o = pr*(y) for some
2-form « on the space GC/BAO. Here pr : T*(GC/B)\O) — G(C/B)\0 is the natural
projection. First choose a connection A on the principal bundle

B Ao G®
. !
G“/B Ao
This means that A is a 1-form on G® with values in b Ao’ satisfying the usual equiva-

riance condition and the identity on the vertical spaces. Trivialising the bundle T*G®
by the right translations the connection A gives us a family of projections

A, gt — by € G,
and dually a family of inclusions
Ay by, — g, geGC

Denote as before vy = i*(\g). Since A, is the identity on b Ag» Ve have for an arbitrary
element b € b Ao

(A5(0) , b)) = (Xo, Ag(D))
= <>‘07 b)

This implies that for all g € G¢ we have A,(14) = Ao + n, for some n, € n0, which
allows us to define the mapping

R: g (v) = G x (N +n>‘0) — GC x M
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by the formula

R(gv)‘) = (gv)‘ - A;<l/o))'

This map is obviously equivariant with respect to the action of B Ao’ and it is easily
seen that the induced map

R: My, — T*(G%/B),)

is a diffeomorphism. Denote by A, the composition vy o0 A : TG® — C. Since A is
a connection and v is invariant with respect to the coadjoint action of B Ao O1 b Ao’

the 1-form A, is invariant with respect to the natural action of B Ao O1 G from the
right. So there exists a 2-form v on G¢/B Ao such that

dA, = 1,

where 7 : G — G—’(C/B)\0 is the projection. Denote ﬁ)\o = pr*(y).

Lemma 7 The mapping
R (My,wy,) — (T*(G%/By, ), wean + By, )
s a symplectomorphism. Here 6)\0 is of the form pr*(vy) and ~y is given by the formula
Ve (a,b) =b-Ay(a) —a- A, (D),

where [e] = 7(e).

Proof of lemma 7: 'We have to prove that
R* (Wean + ﬁ)\o) = w),-

We will show that the map R pulls back the form weq, + 3 Ao lifted on G x n)‘o to

the lifting of w A O G x (Ao + n)‘O). The lemma will then follow by the equivariance
with respect to the action of the group B Ao-

Let (a, ) be a vector in T, >\o+w)(GC X (Ao + n)‘O)), and let t — (g(t), A(t)) be a
path in G® x (\g + n>‘0), such that (a,«) is its tangent at the point (e, A\g + ). The

derivative of the map R is then

dR(a,a) = £],R(g(t), A(t))
= Fli=o(g(t), A(t) — Az (0)) (1.13)

= (a, a— %|t:0A;(t)<V0))
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Choose an arbitrary element = € g© and observe the function
f(t) = (Aypy(wo), 2) = (vo, Ay (7)) = (vo 0 Ay ()
defined by the path ¢t — ¢(t). The derivative of this function at zero is given by
Llor(t) = a- Aufa)
dt t=0 =a v T),

where - means the derivative of the function (g0 A,)(x) : G — C at the point e in
the direction a.

From the expressions 1.3 and 1.13 we get the following one.
R*(Wean) ey (@, @) , (b,8)) = (o — %A%, (1) , b) — (B— SA%, (v) , a)
+(A, [a,0])
= (a, b)—(8, a+{, [a])
_<%A;(t)(V0) , b)+ <%A2(t)(1/0> ,a)
= (a, b)—(8, a+{, [a])

—b-A,(a)+a-A,b)
(1.14)

The form f3 Ao is lifted from v via the projection
pr: T(G/By,) — G°/By, .
so it will only act on the base components of the tangent space T'(T*G*/B Ag)» L 1t
will act as 7. If we lift v on G we get
7 (v)(a,b) = dA,(a,b) =b- A (a) —a- A, + Au([a,b])

Now, since 4, = 15 o A, and since A, is a projection of g© onto b Aoy We have
A,([a,b]) = 0. This together with the equation 1.14 and a slight abuse of notation
gives us the desired equality

E*(wcan + ﬁ)\0> = w/\o .

Now we can finally define the symplectomorphism
P=Ropgic (05 wrr) — TG/ By wean + ) ).

which proves the Proposition 1 at the beginning of this subsection.
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1.2.3

We shall conclude this section by generalising the proposition 3 to the case, where
the initial symplectic space, whose quotients are compared, is the cotangent bundle
TP, and
Gt — P
!
N

is a principal G®-bundle. Suppose that G® acts on P from the right. Then we can
lift this action on the cotangent bundle 7*P to get a Hamiltonian action with the
moment map
fe: P — (g%)
Let Ao as before be a regular element in (g&)* and also a regular value of the map
pe and let H Ao be the stabiliser of Ay with respect to the coadjoint action. Denote
the symplectic quotient g (Ao)/H APy POS, . and the induced symplectic form by
WPKK-
Next, let B Ao © G be the Borel subgroup corresponding to the Borel sub-algebra

b Ao = b Ao ® D cr+ 9o- Then P is of course also a B )\O—principal bundle and we can
form different symplectic quotients of TP with respect to the lifted B )\O—action. Let

g : TP — (b)\o)*

be the moment map of the B )\O-action on T*P. Then, as always in such cases,
the symplectic quotient 1~ (0)/B ), 18 symplectically isomorphic to the cotangent
bundle T*(P/B )\0) with the canonical symplectic form.

Proposition 4 The symplectic quotients POS, and T*(P/B)\O) are diffeomorphic
spaces. Moreover there exist a diffeomorphism R and a 2-form 3y~ on T*(P/B)\O)
such that

R: (POfo , WPKK) — (T*(P/B)\O) , Wean +5/\0)
is a symplectomorphism. The form 5/\0 is a pull-back pr* (’y/\o) of a 2-form T, 07 P

by the natural projection pr : T*(P/B)\O) — (P/B)m)' The latter in turn satisfies the
condition

dA)\O = W*(’Y)\O) )
where the 1-form A)\o on P is defined by A)\o = Mg o A for some connection A on the
principal BAO—bundle 7m: P — P/BAD'

Proof: The proof is essentially the same as the proof of proposition 3. We will
compare the “intermediate” symplectic quotient /Té*l()\o) /B Ao denoted by PM,, to
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POS, on one hand and to T*(P/B )\0) on the other. The existence of PM),, follows
directly from step 1 of the proof of proposition 3.

First we shall construct the symplectomorphism
F: (PM)\O s w)\o) — (P(’)fo 5 wpKK) . (115)

Let the group G€ act on the product P x G by the action h - (p,g) = (ph,h™1g).
Then the quotient space is a fibre bundle associated to the principal bundle P with
the fibre G¢ and with G© acting from the right, i.e. the quotient space is again the
principal bundle P. We can lift the above action on the cotangent bundle T (P x G%).
Let up be the moment map of this action. Then the symplectic quotient up'(0)/G
is the cotangent bundle T*((P x G®)/G®) = T* P with the canonical symplectic form.
Let on the other hand B) ~act from the right on the second factor of T (P x G =

T*P x T*G®. The corresponding symplectic quotient p5'(\o)/B Ao is the space M Ao
The G%-action on T*(P x G) descends on a Hamiltonian G®-action on the space
TP x M Xo* The corresponding moment map

2 TP x My - — (g%)*
is given by fi1( Ay, ) = pa(Ny) + pae(x). By pge we denote again the map
: C
Hae M)\o — 0)\0

discussed in the second step in the proof of proposition 3. Since the image of pgc is
(’)g , we see that the elements (), ) in the preimage
0

~ -1 ~ 1
i (0) C g (O ) x My, - (1.16)

satisfy the condition
() = —ige(a) (1.17)

Recall that for an arbitrary symplectic space M equipped with a Hamiltonian G-
action and the corresponding moment map p : M — g* we have the equality

P (Vo) Hy, = 17 (0))/G

where O Ao is the coadjoint orbit through Ag. From this and from 1.16, and 1.17 it is
then easily seen that

i1 (0)/GC =PM,, .

Mutatis mudandis we can repeat the above construction for the quotient PO%.
Let vg : T*G® — (g%)* be the moment map of the right G®-action on T*G® and
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O(I):\o = 1/51()\0)/1-[)\0. Then we have the induced G®-action on T*G® x (’);C\O. This

action is also Hamiltonian having
o T*P X Ogo — (g%)*

as the moment map. This map is given by fia(Ap, ) = puc(A,) + pe(z). The symbol

i now denotes the moment map of the left lifted GC-action on T*GC. Restriction

of pug on Og\o is just the identity map. This time we get that the elements (\,, ) in

a2 (0) C ﬁg*l(ogo) X Og\o (1.18)
satisfy the condition
G (Ap) = =X (1.19)
As before, we can conclude, that i, ' (0)/GC = PO

Let us now define the map

F:T*PXM)\ —T*P x O%
0 )\0

by the formula

F(Ap, ) = (Ap, e () -
Since tece is a symplectic diffeomorphism, so is F'. In addition F' is equivariant with
respect to the GC-action. From 1.16, 1.17, 1.18, 1.19 we see, that the restriction

F:jin'(0) — i (0)
is still a diffeomorphism, and therefore the induced map
ﬁ . (PM)\O y W)\O) — (P(’)go y WPKK) (120)

is a symplectomorphism.

The second part of the proof is comparison between the symplectic quotients P M Ao
and T*P/B,,. These spaces are both symplectic quotients of T* P with respect to the
action of the group B Ao* Choose a connection A on the principal bundle

B)\o —

p
!
M

For each point p € P this gives a map A, : T,P — b Ao’ and dually an injection
As bi\o — TyP. We can then compose A5 with the up to get the mapping

A*oug : T"P — T*P..
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For every A\, € T*P we have

(A5 () € 5 (@B (0)) (1.21)

Indeed, let £ € b )\Obe an arbitrary element and £5 the vector field on P generated by
the infinitesimal action of £. Then we get from the expression for the moment map
on the cotangent bundle:

(1B(Ap ) (Ap) 5 &) = (1B () » A(EB))

and since the connection is equal to the canonical Maurer-Cartan form when restricted
to a fibre of the bundle, we finally get

(B(Apis)(Np) » &) = (uB(Np) » €)
which proves 1.21.

The moment map p of the natural action of a group G on a cotangent bundle
T*M is linear on each fibre T, M. This is immediately seen from the expression

<M(>‘m)7€> = <)‘xa (5G)m>

which holds for every ¢ € g. Therefore the space /]\é_l()\o) NT;P is an affine space
modelled on the vector subspace ;Té_l(()) NT, P, and 1.21 allows us to define the map

R:T*P — g '(0)

by the formula

RO‘p) = )‘p - A;(/]E()‘p)>'
This map is B /\O—equivariant since the connection A and the moment map up are.
So, after restricting to

R:jip~ (o) — i5 ' (0)

we get the induced map
R:PM, — T*(P/B),), (1.22)

which is a diffeomorphism.

To complete the proof of the proposition, we have to construct the 2-form [ A0
T*P, such that R*(wean + 0 >\o) = Wean- Denote the composition \go A, by A Ao This
is a 1-form on P. Then for an arbitrary pair X,Y of vector fields on T*P and after
restricting on ﬁé_l()\o), we get

R (wcan))\p (X7 Y) = (wcan))\pfA*()\g) (R*Xa R*Y) .
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Denoting the tautological 1-form on 7% P by a and again using the fact we., = da,
we get

(Rwean) (X, Y) = (RX)(A, , m(RY)) = (RY)(A, , m(RY))

+ (N, TR.X,RY])
(1.23)
= (RX)(No » Ap(m(RY))) + (Ao, Ap(r(R.Y)))

— (o, A(r[R.X, R.Y])) .

By 7 we denoted the derivative of the natural projection 7 : T*P — P.

Using similar computations as in the proof of proposition 2, it is not difficult to
see, that the first two lines in the right-hand side of 1.23 are equal to we.n (X, Y). The
last two lines are clearly equal to —R*(dA )\0)(30, Y).

The composition map
g: ﬁil (0] E: (POEO y w’pKK) — (T*(P/B/\O) , Wean + 6/\0)

is then the searched-for symplectic diffeomorphism and the proposition is proved.

O



Chapter 2

Integrable systems on moduli
spaces of parabolic bundles

In his paper [Hi 1] Hitchin constructs Liouville integrable systems on the cotangent
bundle 7% M where M is the moduli space of holomorphic principal G¢-bundles over a
Riemann surface C'. In this chapter our aim is to describe the analogous construction
on the cotangent bundle 7% M,,, of the moduli space of parabolic bundles over C.
The group G© will be classical semi-simple Lie group.

Our approach to this task is the following. First we describe the cotangent bundle
T* M p of the moduli spaces of bundles over C' with framings over the points p; of a
divisor D. There is a natural action of the group G = [[*4"” G€ on M, which we
can lift to a symplectic action on T*Mp. There are many possible ways of taking

the symplectic quotient with respect to this action.

Here we concentrate on the following cases. Let first Bp denote the subgroup of
GS such that for each i = 1,...,deg(D) the group Bp is a parabolic subgroup of G¥.
Then Bp acts symplecticaly on T* M p. We denote the corresponding moment map by
pp : T*Mp — (bp)*. Then, as we shall see, the symplectic quotient (153'(0)/Bp,w)
is the space (1" M par, Wean ), Where M., denotes a large open cell in the moduli space
of parabolic bundles over C' having the elements p; € D as marked points. Moduli
spaces of parabolic bundles were constructed and studied by many authors, the first
being Mehta and Seshadri with their paper [Me-Se|. Cotangent bundles 7%M,,, are
dense open sets in compact spaces called moduli spaces of parabolic Higgs bundles.
These are a generalisation of Hitchin’s moduli spaces of Higgs bundles in the same
way as moduli spaces of paraboilic bundles are a generalisation of moduli spaces of
holomorphic bundles. Spaces of parabolic Higgs bundles were studied by Boden in
[Bo], Konno in [Ko] and others.

Consider now the action of the whole group G% on T*Mp giving the moment
map pp : T*Mp — (g%)*. Choose a Cartan subalgebra b, in each of g€, and let

39
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Ap = (Ms- ., Adeg(p)) € @dey D) (h)* be such that each \; € b, is a regular ele-
ment. Then we can form symplectic quotient (15,'(0)/Hp,wmir) where Lie(Hp) =
@?g(D) h, and wy gk denotes the induced symplectic form. It turns out that the
space up' (0)/Hp is diffeomorphic to T* M, but the symplectic form wp ks is dif-
ferent from the canonical one.

Let §" denote the set of all Ap € @deg([) (h;)* having regular components \; and

let S = &' U{0} ¢ @™ P)(h,)*. The main result of this chapter is the following
theorem

Theorem 3 Let T M,,, be the cotangent bundle over the moduli space of parabolic
bundles. There is a familly of complex structures Iy, on T* My, parametrised by
S and a holomorphic symplectic structure wy,, for each of these complex structures.
Every space (T* Mpar,wy,) is equipped with an integrable system, i.e. there exist
systems of holomorphic functions

iy (T Mopar, I,)) — € i=1,... dim(Mpq,)

which Poisson commute with respect to wy,, and are functionally independent.

We note that the space (T* My, Ir,) where Ap = 0 € @) (h,)* has the
canonical form w.,, as the corresponding holomorphic symplectic structure. It is an
exceptional fibre in our family in the sense that will be explained later.

Symplectic spaces (T* Mopar, Wean) and (1M e, wy,, ) are described in section 2.2.
The systems of Poissson commuting functions fiD on these spaces are constructed
in section 2.3 and finally their functional indepencdence is established in section 2.4.
The functional independence will actually be proved only for the case G€ = SL(n;C).
The cases of other classical groups could be covered using the approach of Hitchin
n [Hi 1]. In section 2.4 spectral curves for our systems are discussed. Recall that
spectral curves lie in the canonical bundle T*C' = K. It is shown that the spectral
curve Sy, for the integrable system on (7"M,4,wy,) has fixed intersection with
the fibres of K over the points p; € D. In the case of (T* My, wean) the curve Sy
intersects K, at the point 0 € K, thus having ramification points of the maximum
degree at the elements of D. At the end of this section the appropriate Jacobian tori
are described as well as the way in which we recover the parabolic structure at p;, € D
from the curve S and its Jacobian.

2.1 Moduli spaces of framed bundles

In this section we will describe the space M p whose elements are isomorphism classes
of complex structures on a principal bundle P — C together with framings over the
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points of a divisor D in C'. The cotangent bundle 7* M p with its canonical symplec-
tic structure w.q, is going to be the starting point of our further constructions in this
chapter. Later in the text we shall see that symplectic manifolds (T*Mp , Wean) POS-
sess Hamiltonian actions of certain groups, and the symplectic quotients with respect
to these actions will lead to symplectic spaces equipped with integrable systems.

2.1.1

Let C' be a Riemann surface and let the divisor D on C' consist of points py,...,pn,
all with multiplicity 1. Let P — C be a trivial principal bundle, whose fibre is a
semi-simple complex Lie group G€. Denote by G® the group of gauge transformations
of P and by A a holomorphic structure on this bundle .

Definition 4 A holomorphic structure on P framed over D is a holomorphic struc-
ture A on P together with an isomorphism of G®-spaces

deg(D)

i=1
Two framed holomorphic structures (A, ¢1) and (A, ¢2) are equivalent if there exists
a gauge transformation g € G& such that the conditions

g(Ar) = Ay

and
g-¢1= o

are satisfied.

Our starting object will be the space of orbits with respect to the action of G¢ on
the space of framed holomorphic structures on P. In order to insure a good quotient
space we have to introduce a suitable notion of stability.

Definition 5 Let A be a holomorphic structure on P — C' and let 6 = deg(D). Then
A is §-stable if for every proper holomorphic sub-bundle F' of adP we have

degF'  deg(adP) ( I 1 )
rkF’ rk(adP) k' rk(adP)’

Denote the space of d-stable holomorphic structures on P with framings over the
points of D by B%. The group G° preserves B° and the quotient space B%*/G¢ = Mp
is a smooth finite dimensional manifold. This space was constructed and studied by
Seshadri in [Se 1].
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Let p; € D be a marked point. The choice of a framing ¢ at p; is equivalent to the
choice of an element g € G®. Choose an arbitrary point pt € P, and let ¢(pt) = g
Then because of the GC-equivariance of ¢, we have ¢(h - pt) = hg for every h € G,
which completely determines the map ¢. So the choice of a point pt in P,, yields a
correspondence ¥ between the framings and the group G© given by ¥(¢) = ¢(pt).

Example 1 Let E — C be a vector bundle of rank n over the curve C, and let
P — C be the frame bundle of E having Gl(n;C) as the fibre. Then the choice of
¢ : P,, — Gl(n; C) obviously corresponds to the choice of framing ¢ : E,, — C". This
choice of basis gives a concrete matrixz representation, i.e. an element of Gl(n;C) to
the frame pt of E,,,.

Let adP — C be the vector bundle associated to the principal bundle P via the
coadjoint representation of the group G€ in its Lie algebra (g©)*, and let

04 : QC;adP) — Q"Y(C : adP)

be the partial covariant derivative on the bundle adP corresponding to the holomor-
phic structure A on P. Denote by A the space of all such d4. The space A is an
affine space over the infinite-dimensional vector space Q%!(C ;ad P). The group of
gauge transformations G© acts on A by conjugations:

g-0a=godaog !,

where o denotes the composition of operators.

Let now G5 denote the subgroup of G given by
GS = {g € Aut(P); g(p;) = id for everyp; € D} ,

and let A% denote the subspace of A consisting of those operators d4 for which the
corresponding holomorphic structure is d-stable. Group G5 preserves A% and we
clearly have

Mp = A%/G5 .

Here we view the framings as fixed, the group G5 being their stabiliser within the
group of gauge transformations.

Next we are going to describe the cotangent bundle 7" M p. Every cotangent bundle
carries the canonical symplectic structure, and we are going to make use of this fact
in our description of T*Mp. We have seen in section 1.2.1 that a certain symplectic
quotient of an arbitrary cotangent bundle T*N is very easily describable. Namely, if
the symplectic action of a group G on T*N is the cotangent lifting of an action of G



2.1. MODULI SPACES OF FRAMED BUNDLES 43

on the base space N, then A™1(0)/G = T*(N/G), where X\ denotes the moment map
of the lifted action.

In our case the starting point will be the action of G on A%. Lift this action on
the cotangent bundle 7%.4% and let

p: T*A% — Lie(G5) (2.1)
be the moment map of this action. Then we can form the symplectic quotient
T"Mp = u'(0)/G5, (2.2)

where T*Mp denotes the cotangent bundle of the moduli space of stable framed
holomorphic structures on the bundle P — . This description of T*Mp turns
out to be very convenient because of the relative simplicity of the cotangent bundle

T*A6s.

We have already mentioned that A is an affine space with the underlying vector
space Q%1(C; adP). Let (adP)* denote the bundle dual to adP, and let {, ), be the
natural fibrewise pairing. Then we can define the pairing of spaces Q*(C; adP) and
QLY(C; (adP)*) by

(B, ) — /(cp,qf)m | (2.3)

Denote by K the Killing form on g®. Since g© is a semi-simple Lie algebra, the
Killing form is non-degenerate and can be used to identify the bundles adP and
(adP)*. So the pairing 2.3 will be replaced by the pairing of the spaces Q%! (C'; adP)
and QY9(C; adP) =2 Q°(C; adP ® K) given by

((I),\If):/lC(@/\\I/),

C

where ® is an element of the first and ¥ of the second of the above spaces. Here
K — C denotes the canonical bundle. The identification of the bundle (adP)* with
the bundle adP will often be assumed tacitly from now on.

The function space Q°(C; ad P ® K) is of course not complete, and it will indeed
turn out to be too small for our purposes. Since the Riemannian surface C'is compact,
we can view the space Q%1(C; ad P) as the space of test functions. Its natural dual
space will then be the space D(C; ad P ® K) of distributions on C' with values in the
bundle ad P ® K. This space contains the space of sections Q°(C; ad P ® K) in the
natural way. From this we finally get

T"A= AxD(C; ad P® K).
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Let K (D) be the line bundle K ® [D].

Proposition 5 Let [A] € Mp be a gauge-equivalence class of framed holomorphic
structures on P containing A. Then the cotangent space T[Z]M p 18 1somorphic to

the space H(C' : adP @ K (D)) of global A-holomorphic sections of the vector bundle
adP twisted by the line bundle K (D).

Proof: In order to describe the cotangent space T[*A}M p it is enough to know the

form of the subspace ~1(0) C T*A = A x D(C; ad P ® K) the action of G5 on T*A
being the natural lifting of the action of G5 on the base space A.

After giving a convenient expression of the moment map p as in [Hi 1], we are
going to describe the behaviour of an element (A, ®) € AxD(C; ad P® K) first in the
neighbourhood of an ordinary point p € C\supp(D) and then in the neighbourhood
of a marked point p € D.

Let (A,®) € T*A = Ax D(C; ad P ® K) and ¢ € (Lie(GS))* be arbitrary

elements. Then, as we have seen in section 1.2

(A, @), ¥) = fu((A, ®)).

Here v denotes the element in Lie(G5) dual to @Z with respect to the pairing
@ 0= [ K@ v
c

and fy, :T*A — C is the Hamiltonian function corresponding to the vector field Zp
on T* A generated by the infinitesimal action of ¢. From this we see that (A, ®) lies
in the subspace p~*(0) if and only if the Hamiltonian functions f,, corresponding to
all ¢ € Lie(G§5) take value zero at the point (A, ®).

Since G5 acts on T*A by pull-backs, the following holds for the Hamiltonian
functions.

folA, @) = ((Xy)a)(A, D),

as was shown in section 1.2. Here « stands for the tautological form on T*A. By the
definition of a we then have

fo(A,@) = (X, | @) = / K(X, , ®).

where X, is the vector field on A whose lifting on 7*A is )/(vw Let g(t) : [ — G§ be
a path such that g(0) = id and (£g¢)(0) = ¢. Than we have

d

Xy(4) =~

(9(t) 0 0a0g(t)™") I = 0a ¥. (2.4)
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This can easily be seen in a local trivialisation, where 04 has the expression Oy =
0+ A. Then

d

7 (9(t) 0040 g()™") im0 = [0+ A w] = 0 + [A,¢] = Davy

Formula 2.4 finally gives us the desired expression of the Hamiltonian functions

fo(A, @)= [ K04 A D).
/

So the point (A, ®) € T*A = A x D(C;ad P ® K) lies in the preimage p~1(0) if and
only if

/K@A¢A<m:0

c
for every ¢ € Lie(G5).

Let now p € C\supp(D) be an arbitrary point, and let U C C\supp(D) be a
neighbourhood of p. For every v such that supp(y)) C C\supp(D) we get from
Stokes’ theorem

C/K(5A¢A<1>)=C/K;(¢-5A ®)=0

Placing ourselves in a holomorphic local trivialisation of Py this gives the condition
0P =0

on U. The d-regularity theorem ([G-H], page 380) then tells us that the distribution
® is actually a function and hence a holomorphic function on U.

Let now U be a neighbourhood of a point p in the divisor D. In this case we get
the condition

/ K@ A D) = ip),
C

since ¥ € G5, and therefore ¥(p) = 0. This gives the equations of distributions
0®=a-i(p) .

where a € g€ is an arbitrary element and §(p) denotes the Dirac function centred at
p. From the Cauchy integral formula it is then readily seen that ® is a meromorphic
function on U with the first order pole in p having a as the residue at p.
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We have proved that if (A, ®) is an element of £ ~1(0) than it is an A-meromorphic
section of the bundle ad P ® K having simple poles at the points of D. The space
of such meromorphic sections is naturally isomorphic to the space of holomorphic
sections H°(C' ; adP ® K (D)) of the twisted bundle adP ® K (D). The isomorphism
is provided by tensoring the meromorphic sections by the section ¢ € H°(C ; [D])
having [D] as the zero divisor. O

Remark 2 Let the subspace T, A C T*A consist of the pairs (A, ®), such that @
s smooth almost everywhere. It follows immediately from the proof above that the
moment map

pw:Tr A— Lie(G5)*

15 given by the formula

deg(D

)
(A, D) = 9P — Z Res(®),, - 6(p;)

where Res(®),, is understood to be the residue in the sense of distributions as described
e.g. in chapter 3 of [G-H]J.

It should not be forgotten that in the above formula the identification of Lie(G5)*
with Lie(GY) via the Killing form K is implied. More correctly we should write

deg(D)

WA, @) =K( -, EA(I) - Z Res(q))pi -0(pi)) -

i=1

2.1.2

Following Hitchin’s recipe, we are going now to produce a set of functions on the
cotangent bundle 7% M p which will Poisson commute with respect to the canonical
symplectic structure on 7" M p. The representation of T* M p as a symplectic quotient
(2.2) is the key ingredient.

Let (qu,...,q.) be a basis of invariant polynomials of the Lie algebra g&. Here r
is the rank of g€. Denote by d; the degrees of ¢; and define the map

H: AxQ(C; adP® K(D)) — é@(c ; K(D)")

by the formula _
H(A, ®) = (i(®), .-, 4:(P))
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On the previous page we have seen that the subspace p=1(0) C T*A is the space of
pairs {(A4,®) ;A€ A,,® € H(c;adP ® K(D))}

Restrict now H on the subspace p~1(0) N T*A%. The map H is invariant under
the action of the gauge group G5, so it induces the map

H:T"Mp — éHO(C . K(D)%) . (2.5)

The components of the map H will be the functions that we are looking for.

Choose a basis a},...,a% of the dual space HO(C' ; K(D)%)* and define the
functions
fi,j : T*MD — C
by '
fi3(®) = (H(®), o) (2.6)

Proposition 6 The functions f;; Poisson-commute with respect to the canonical
symplectic structure on T*Mp.

Proof: The spaces H*(C'; K(D)%)* are isomorphic to H'(C'; K'~% @ [D]~%) by

Serre duality. For each « choose a representative (0, 1)-form ﬂf e QOO ; KV @
[D]~%). The definition of the functions f; ; then has the form

fij(®@) = /%'(q)) - B

C

Using this formula, we can define the functions ﬁl on the space T*A. Obviously,
the functions f;; are induced from the functions f;; in the sense of proposition 1
in section 1.2.1. The functions f” depend only on the cotangent directions and are
independent of the directions on the base space A. Therefore they Poisson commute
with respect to the canonical symplectic form on 7*A. Since f; ; are induced by f”
they Poisson commute on 7" Mp as was shown in proposition 1.

2.1.3

In this subsection we are going to compute the dimensions of the spaces Mp and
@, H°(C; K(D)%). The calculations are going to be straightforward applications
of Riemann-Roch theorem.

Choose a holomorphic structure A on P — C. Riemann-Roch theorem for the
holomorphic vector bundles of rank n over the Riemannian surface C' of genus g
combined with the Serre duality gives

R°(C; adP @ K(D)) — h*(C; adP ® [D]*) = e, (K(D)") +n (1 —g).
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A straightforward calculation shows that d-stability of a holomorphic bundle Py — C'
implies that H°(C;adP ® [D]*) = 0 for every divisor D with deg(D) = §. (For the
proof see Lemma 4.6 in [Mal].) On the right-hand side we then have

c(K(D)") +n(l—g)=n(g—1)+n-deg(D).
From proposition 5 we then finally get

dim Mp =n(g—1)+n-deg(D). (2.7)

Riemann-Roch theorem for line bundle K (D)% on the curve C of genus ¢ has the
form

K(C; K(DY*) = (2, — 1) (g — 1) + d; - deg(D)

The degrees d; of the invariant functions on g® and the dimension n of g© are related
by the equation

proved e.g. in [Hu 1]. The summation then gives us

Z W(C; K(D)%)=n (g—1)4b-deg(D). (2.8)

Here b = 1/2(n + ) denotes the dimension of a Borel sub-algebra b C g©.

Comparing numbers 2.7 and 2.8 we see, that the functions f; ; even though Poisson
commuting do not constitute an integrable system on the space T*Mp, since their
number is less than the dimension of Mp.

2.2 Symplectic quotients of T" M

In the situation, when one has a symplectic space and a “large” number of Poisson-
commuting functions which is still too small to form an integrable system, it is natural
to try to find a symplectic sub-manifold or some kind of “symplectic slice” in the
original space on which the reduced functions might form a completely integrable
system. One of the appropriate tools to use in such situations is the symplectic
quotient. Of course the action of the group yielding the symplectic quotient must
keep the integrals invariant. In our case the integrals f;; on T*Mp come from the
functions f” on T*A which are invariant under the action of the full gauge group G°.
Since we used a subgroup G5 C G© to form the symplectic quotient T* Mp, we can
still use the residual group G¢/G§ = Hfiﬁ(D) G¥ and certain of its subgroups to form
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further symplectic quotients of 7*Mp on which the integrals f; ; will induce systems
of Poisson-commuting functions. In the following subsection we are going to describe
the action of the group G¢/G§ on T* Mp. Throughout the rest of this chapter (with
the exception of proposition 10) the simbol M p will denote the large open set in M p
on which the group G®/G§ acts freely.

2.2.1

In terms of definition 4 the action of the group G©/G5 on Mp is quite obvious. Let
g be an element in H?iglw) Gt =~ G€/GS and ([A], ¢) an element in Mp. Then the
action of g on ([A], ¢) is defined by the formula

g- ([A]a¢) = ([A],go ¢)

Here g = (g1,- -, 9deg(p)) On the right-hand side of the definition is understood as

map from Hfigl(D) GY into itself given by

(gla e 7gdeg(D))<<h17 BRI hdeg(D))) = (glhla SR 7gdeg(D)hdeg(D)) )

and o denotes the composition of maps. The natural coadjoint lifting of this action
gives the desired action on the space T* Mp.

In order to make use of the description of the space 77 Mp as H°(C; adP® K (D)),
we need an expression of the cotangent action in terms of sections of bundles related
to the associated bundle adP over the curve C. The associated bundle adP is the
quotient (P x g%)/G®, where the action of the group G is given by the formula

g-(p,a) = (g-p, Ady(a)) .

From this we see that the framing ¢ : B, — G® of P over the point p will fix a
particular Ad-action of G® on the fibre adP, of the associated bundle. This means,
that if the framing ¢ equates an element a in the fibre adP, with the element « in g%,
then the framing ¢ - ¢ equates a with Ad,(«). Therefore the elements ¢ € G& which
are not equal to the identity at the point of D will not preserve the framings but act
on them.

Let now [A] € Mp and 94 be its representative in A. Let [g] € G¢/G5 with a
representative g € G®. Then the action of G© / gg on Mp is defined by

lg] - [A] = [godaog™!] (2.9)

Obviously the definition is independent of the choice of the representatives. For any
choice we are in the same GC-orbit i.e. we have the same holomorphic structure. The
class [g] is defined by the values it assumes at the points of D, so we have indeed the
action on the framings.
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From now on we are going to denote the quotient group G€/G§ = Hfigl(D) G¢
by G%. The symbol [¢)] will stand for the element in the Lie algebra Lie(G%) =
Lie(G®/G%5) having ¢ € Lie(G®) as a representative. Observe that the class [¢)] €
Lie(G®/G%) is uniquely defined by the values that any of its representatives ¢ € G©
assumes at the points of D. Therefore we clearly have Lie(G%) = @fiﬁ(D)(g;C). By
P4 we are going to denote the covectors lying in 77 Mp = H°(C; adP @ K(D)).
In the following proposition we are going to prove the formulas for the Hamiltonian
functions and the moment map for the G$-action on T*Mp which will be used in
the constructions of symplectic quotients of T* Mp

Proposition 7 Let GY, act on T*Mp by the cotangent liftings of the action 2.9
defined above. Let [p] € Lie(GS) be an arbitrary element, let

f[ll}] . T*MD — C
be the Hamiltonian function corresponding to the vector field )?[w] on T* Mp generated
by the infinitesimal action of 1, and let

deg(D)

pp : T*Mp — (Lie(G%))* = @ (g7)"

i=1

be the moment map of G%-action. Then the Hamiltonian functions are given by the
formula

deg(D)
fu( @) = Y K@W(pi) - Resy, ®pa) , (2.10)
i=1
and the moment map is given by
po(Pray) = (Resp, Pray, - Resp,, ) PLay) - (2.11)

Proof: Let 94 € A be a representative of the holomorphic structure [A], and let
1 € [1] be a representative of [)] € G%. Then it can be seen from the proof of
proposition 1 that the Hamiltonian f,) is given by the formula

S (Pray) = //C@w A Dpy) (2.12)

C

We have to show that this definition is independent of the choice of representatives.
Let Uf C C,i=1,...,deg(D) be discs around the points p; € D all of radius €. Then
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by the Stokes’ theorem we get

/d K- @) = lim d K- Ppay) (2.13)
c C\U Ug
deg(D)
= >t [ K-y (2.14)
=1 oUs

On the other hand by Leibnitz rule and keeping the type decomposition in mind

lim d K(¢ - @) = lim / K(Oat- @) + lim / K- 04Ppa))

e—0

C\U Ut C\uUg C\U Ut

Since on C'\ U Uf we have 5A<I>[ 4] = 0, the above two equations give us

deg(D)

Z hm/lC ¥ D) (2.15)

oU¢

C/’C(EAQ/J A Dpa

Let z be a local coordinate on a neighbourhood U of the point p; € D and choose
a local trivialisation of adP over U;. The section ®4 has poles of degree one at the
points of D, while ¢ is smooth over Uf. It can then be shown that 9K (1) - Pry)) is an
absolutely integrable function on Uf. Therefore the Cauchy integral formula gives us

lim [ K(- @) = K((p,) - Res, ®a) (2.16)

e—0 oUe
Finally we can conclude from the equations 2.12, 2.15, and 2.16 that

deg(D

fro)(Pra) = Z K(¢(p:) - Resy, ®pa)) (2.17)
=1

From the expression for the moment map

= Zf&(x) §

explained in section 1.2, which gives us (up(®ra)), [¢]) = fiu)(Ppay), and from the
equation 2.17 , the formula

pp(®ra) = (Resp Pray, -+ Respye, i) Pray) (2.18)

follows immediately.
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Remark 3 As already mentioned in remark 2, we should actually write

/LD((I)[A]) = (IC( . ,RBSPI(I)[A}), Ce ,’C( . 7Respdeg(D)q)[A])) .

2.2.2

The following proposition describes the most obvious symplectic quotient of the space

T*Mp.

Proposition 8 Let G% act on T* Mp by the cotangent liftings of the action 2.9, and

let
deg(D)

pp : T"Mp — @ (g7)"
i=1

be the moment map of this action. Then

1y (0)/GEp = T*M.

Proof: Denote by fi the moment map of the action of the whole gauge group G on
T*A. Since G% = G©/GS, one way of obtaining the preimage ;' (0) is to restrict the
preimage i~ '(0) on the subspace p~'(0) where p as before denotes the moment map
of the G5-action on T*A. Since the map /i is given by the formula fi(4, ®) = 94, we
see from remark 2 that the preimage 17,'(0) consists of those elements (A4, ®) € T*A
which solve the pair of distribution equations

04® = 0 (2.19)
B deg(D)
04® — Y Res(®),,-d(p;) = 0 (2.20)

=1

Since 2%9P) Res(®),, - 6(p;) is equal to zero if and only if Res(®),, is zero for

i

every i, the solutions of the above system are pairs (A, ®) such that d,® = 0.

We can come to the same conclusion even more quickly using proposition 7 above.
Since

,UD((D[A]) = (Resm(ID[A], ce 7R65Pdeg<D)q>[A}) s



2.2. SYMPLECTIC QUOTIENTS OF T*Mp 53

the preimage uBl(O) will obviously consist of those meromorphic sections @4 of the
bundle ad P ® K whose residues at the points p; € D are all zero. These are precisely
the holomorphic sections of adP @ K with respect to the holomorphic structure [A].

The space of holomorphic sections H°(C'; adP4® K) is isomorphic to T M. Since
the G- action on the base space N of any cotangent bundle T*N gives the symplectic
quotient p~*(0)/G = T*(N/G), and since Mp/GS = M we get u;'(0)/GS = T*M,
which proves the proposition.

O

Let the complex semi-simple Lie group G act on itself by the left translations and
let 41 : T*G® — g* be the moment map of the lifted G®-action on T*G®. Then the
symplectic quotient described in proposition 8 corresponds to the trivial symplectic
quotient 1~1(0)/G® = {pt}. But, as we have seen in section 1.2, there exist more
interesting quotients of T7*G®. One is obtained by taking in consideration the action of
a Borel subgroup B € G and the other by choosing some regular element )\, € (g©)*
rather than zero for the value of the moment map u. Below the symplectic quotients
of T* M p analogous to these will be described.

Let as before D C C be a reduced divisor consisting of points p;, i = 1,...,deg(D).
Choose for every i a Borel subgroup B; in the copy G¢ of the complex semi-simple
group G©.

Definition 6 A parabolic structure on P over the divisor D is a holomorphic struc-
ture A on P together with a G® -equivariant map of G-spaces

deg(D)

=1

Two parabolic structures (A, ¢1) and (As, ¢2) are equivalent if there exists a gauge
transformation g € G© such that the conditions

g(A1) = Ay
and
g1 =9

are satisfied.

Denote the space of GE-orbits of parabolic structures on the bundle P by M.
As in definition 4, it is clear that the parabolic structure ¢ is determined by the
prescription ¢(pt) = [g] of an element [g] € GF/B; to some point pt € P; for i =
1,...,deg(D).
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Example 2 Let again E — C' be a holomorphic vector bundle of rank n over C', and
let P — C be the associated Gl(n; C)-principal bundle of frames of E. We claim that
the choice of ¢ and B; corresponds to the choice of a flag F:

F'CcF!c,....CF'=E,.

Observe first that in presence of a hermitian metric on E the choice of a flag is
equivalent to the choice of a sequence of one-dimensional linear subspaces {El}Y;iz m

given by B! = F! [F/=" = (F]™)* C F/, since then F! = span{Ef};_, for every j.
Choose a frame (e}, ..., e") of E,, such that el € E? for all the indices i,j and denote

I ()

this frame by pt; € P,,. Define
o(pt;) = [id] € GT /B; = GT

where G C G© is the compact real form in G¢ and T the mazimal torus contained
in B;. Because of the GC-equivariance, this uniquely determines ¢. From the equiva-
riance it is also clear that ¢~ ([id]) = F, so by the choice of ¢ the flag F becomes the
Bi-orbit of pt; = (e}, ... e").

) g

Choose a Borel subgroup B; in each of the complex groups GF, and denote the
obtained subgroup of G§ by Bp. Then Bp is a subgroup of the quotient group G¢/G5
consisting of classes [¢)] of elements in G© which assume fixed values ¥(p;) = g; at the
points p; € D. In addition the values g; lie in the subgroups B;. Since the group G%
has a natural action on T* M p, so has the subgroup Bp. Let b; be the Lie algebra of
the group B;, and let b} be its dual. Denote by n; the annihilator of b} C g%, with
respect to the dual pairing. In the identification of (b;)* with b; using the Killing
form, the subspace n; will become the K-orthogonal complement of b;. Let

deg(D)

UB : T*MD e @ (bz)*

=1

be the moment map of the Bp-action.

Proposition 9 Let Bp act in the natural way on the space T*Mp. Then the sym-
plectic quotient 15 (0)/Bp is isomorphic to the space T* Mpq,,

15" (0)/Bp = T* My,

The cotangent space T["A]Mpar can be identified with the space of meromorphic sections
P4y of the bundle adP @ K with respect to the holomorphic structure [A] with first
order poles at the points of D and with residues at the points p; lying in the subspaces
n; C gC.
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Proof: Again the symplectic quotient in question is a case of the cotangent reduc-
tion (the Bp-action on T* Mp is the cotangent lifting of the action of Bp on the base
space Mp.) Therefore u5'(0)/Bp = T*(Mp/Bp).

Let ([A],¢) € Mp be an arbitrary element. The Bp-action leaves [A] invariant.
Choose a point pt € P, and suppose ¢(pt) = g;. Then the B;-orbit of ¢ are all the
maps x : B, — GF for Wthh ¢(pt) lies in the B; orbit through g;. So, the Bj-orbit
of ¢ can be identified with the map ¢ : P,, — G®/B; such that ¢(pt) = g; - B;. The
situation is similar at each point p; € D, therefore we have Mp/Bp = Mg, and
hence 13" (0)/Bp = T* My, as claimed.

In order to obtain the description of T[’;‘]Mpar in terms of the meromorphic sections,
we just have to find the solutions of the equation

pp(®ly) =0 € @ (b:)" .

Clearly the Hamiltonian functions of the infinitesimal actions are given by the same
formula as those in proposition 7, namely

deg(D)

fur (@) = Y K(@(pi) - Res,, @) (2.21)

i=1
Let {€/} be some bases of the Lie algebras b; and let [¢/] be elements of Lie(Bp)
given by the representatives 1) € Lie(G) satisfying the conditions

W (ok) =€ .

The elements [¢)/] constitute a basis for Lie(Bp). Denote by b = (1/2)(n + r) the
dimension of a Borel sub-algebra in the n-dimensional Lie algebra g© of rank r. The
map pp than has the expression

B(Pa)) = szw ) (2.22)

Here [1//]* denote the elements in Lie(Bp)* dual to the elements [¢/]. Let pr; : g — b,
be the K-orthogonal projection. Then we get from the equations 2.21 and 2.22 the
following expression for the moment map upg

IUB((I)[AD = (}C( © P71 (R€Sp1q>[,4])), s ’K( ’ 7prdeg(D)(Respdeg(D)®[A]))) : (2‘23>

So @4 will satisfy the condition pp(®p4)) = 0 if and only if pr;(Res,, ®14)) is zero
for every 1, that is, if and only if Res,, @4 € n; for every 1.

O
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Finally we are going to describe the symplectic quotient of 7% Mp which corres-
ponds to the quotient u‘l()\o)/G(g\O of the cotangent bundle T*G®, where )\ € (g©)*

is a regular element. This time the quotient will not have the canonical symplectic
structure of a cotangent bundle.

Let g&§ = EBf’igl(d) g~ denote the Lie algebra of the group G%. Choose a regular

element ); in each of the dual Lie algebras (g)* and denote the regular element
(/\17 R )‘deg(D)) € (g%)* by Ap.

The group GY acts on the dual Lie algebra by the coadjoint action. Since each
element ); is regular in (gF)*, their stabilisers are the Cartan subgroups H; € GF.

Denote the stabiliser of the element \p by Hp. Then clearly Hp = Hfi“i(D) H,.
Let again the group G§ =2 G€/GS act on the space T*Mp, and let as before

pp : T"Mp — (gp)"
be the moment map of this action. Then we can form the symplectic quotient

up (Ap)/Hp = (T*M),b..
A question arises, whether any regular A\p € (g%)* lies in the image of the moment
map
.o C\*
Up - T([A],qs)MD — (9p)
restricted to the fibre above ([4], ¢). Recall that

o (Pra)) = (Resp, @rays - - - Resp,,, o, Pray) -

So, what we are asking above is the following. Given a fixed complex structure [A] on
the bundle adP, and fixed values Ay, ..., Ageg(p) € g®, does there exist a meromorphic
section of the bundle adP ® K with simple poles over the points p; € D and with
respective residues \; at those points.

Let
0— O(adP® K) — Op(adP ®@ K) — PPp — 0

be the exact sequence of sheaves, where O(adP ® K) is the sheaf of holomorphic
sections of adP @ K, Op(adP ® K) the sheaf of meromorphic sections with simple
poles in D and PPp is the skyscraper sheaf of principal parts (residues in our case) of
meromorphic functions over D. The long exact cohomological sequence corresponding
to the above short exact sequence of sheaves has the form

0— H%adP ® K) - H%adP ® K(D)) & H'(PP) > H' (adP @ K) — ... (2.24)

Here we again identified the meromorphic sections of ad P ® K with the holomorphic
sections of adP® K (D) by tensoring the first ones by a section o € H°([D]) which has
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D as its zero divisor. So our question about the image of the moment map restricted
to a specific fibre is a problem of Mittag-Leffler type. We are going to prove the
following proposition

Proposition 10 Let GY, act on the space T* Mp in the natural way and let

HD - T(*[A],qb)MD — (9%)*
be the corresponding moment map. Then the element (M1, ..., Aaeg(py) € (85)" is in
the image of ,LLD/T(*[A] HMp i and only if

deg(D)

Z KX, ¥(pi)) =0

=1

for every holomorphic section ¥ € H&](C; adP).

Proof: Let the element Ap € HO(PP) be given by

deg(D) deg(D

=1

where z; is a local parameter on a neighbourhood U; centered at p; € D. Let Uy be
an additional open set in C' such that {Uy, Uy, ..., Udeg(D)} cover C. Choose a smooth
function ¢; which is equal to 1 on a disc A, of radius € inside U; and zero outside
U;. Then

)N
Aia

=1

deg(D) _

S(Ap) = Y dei ).

i=1
So 8(Ap) is a global smooth (1,1)-form on C. Choose an element ¥ € H&](C’; adP).
Then
(600) ) = [ K(6(0) W)
c
By Leibnitz rule

OK(pii , W) = K@(pid) , ) = K(gidi , 99) = K@(pid) , ¥)
since 9 = 0. In addition we have OK(¢;\;) , U) = dK(p;\;) , ). Using Stokes’

theorem we then finaly get

[r6Go) . v = [aey ok v

c
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deg(D)
— lim dK( Z eiNi, D)
C\UUi =1
deg(D) _
— lim / k(% o)
=1y,
deg(D)
dz;
S / Ko, w25
° Zi
=1y,
deg(D)

= Z/c i ()

O

Remark 4 In the case where the bundle P is a trivial GC-bundle over CP' the
constant are the only holomorphic sections of adP — CP'. The above proposition
then immediately gives us the description of cotangent bundle T* Mp for this case.
Namely for every element o € Mp we have

deg(D) deg(D)
TiMp = {B()= Y. =i Y A=0)
i=1 ' i=1

We will deal with this situation in more detail in the next chapter.

Remark 5 In the case where the underlying holomorphic structure [A] € M is stable
the restriction of the moment mat on the fibres T("EA] ¢)MD s surjective for every

framing ¢ since H[OA](C; adP) = 0 in this case. The above proposition also illustrates
nicely that the non-stability of a holomorphic structure implies existence of a non-
trivial automorphism group of this holomorphic structure.

The above proposition also shows that in the case of stable [A] the space
pip (Ap) N Ty 9 Mp C Hly(Csad @ K(D))

is an affine subspace modelled on the vector space 2(H, &](C ;adP ® K)) where 1 is
from the sequence 2.24 and it is given by (®4)) = 0 ® ®(4) and o is the meromorphic
section of K with simple poles in the points of D.

In the following proposition we state the first part of theorem 3
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Proposition 11 Let ((T*M);‘(f,,, wmk i )denote the complex symplectic quotient space
pp5 (Ap)/Hp. Then the spaces (T*M))b and T* Myar are diffeomorphic, but the sym-
plectic structures Wik and Weq, are different.

Proof: The space Mp is a principal G§-bundle with the G§-action described at
the beginning of this section. The base space of this bundle is obviously the moduli
space M of holomorphic structures on P — C. The projection map 7 : Mp — M
is just the forgetful map which forgets the framings above the points of the divisor
D. We construct Borel sub-algebra b Ap of g§ corresponding to the element \p =
(M, Aaegpy) € (g5)" in the obvious way. For each i let, as before h; C g€, be
the Cartan sub-algebra which stabilzes \; with respect to the coadjoint action, and
let g% = b, ® B cr+ 85 D D, cp- 04 be the decomposition of g&; into root spaces,
the choice of positive roots being determined by the Weyl chamber containing the
element );. Then take b; to be b; = b, ® @ .+ 95 Finally, let by, = Hfigl(D) b;.
By B Ap C G% denote the Borel subgroup corresponding to the algebra b Ap- Then
B Ap acts symplecticaly and hamiltonially (as a subgroup of G%) on T* Mp. Denote
the corresponding moment map by u Bxp and form the symplectic quotient

g, (Ap)/By, = MM, . (2.25)

AD

with the induced symplectic form w Ap- We can then define the symplectomorphism
F (MM)\D s (,U)\D) — ((T*M);‘(ﬂ y wMKK) (226)

precisely in the same way as we defined F in the formula 1.20 in sectionl.2. With
all this at hand we see that our theorem is just a special case of proposition 4, the
only difference being we are dealing here with the products G% and B Ap of groups

GC and B,, rather than with just single copies, but the change caused by this is only
a notational one.

Let us only have a look at the definition of the map
R:T"Mp — IugiD (0) .

Let 2 be a connection on the principal B Ap bundle Mp — M,,. The map R is
defined by theformula

R(Ppag) = Prag — Alag (i, (Pag)) -

Recall that, when representing the elements @44 € T}, , as [A]-meromorphic sec-
tions of the bundle adP ® K, the moment map is given by

18,p (Prag) = (Resp, Prag), - - - Resp,,, 0 Prag) -
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The mapping
Alag + (bx,)" — TlagMbp

assigns to every (vi,...,Viegn)) € b A, AL [A]-meromorphic section of adP @ K
with simple poles at the points p; € D and having v; as residues there. Above
we have seen that such meromorphic sections exist in the case of stable underlying
holomorphic structure. The assumprion of stability is in accordance with restriction
to the large open subset in Mp where G% acts freely, since the stabiliser of ([A], @)
is the automorphism group of the holomorphic structure [A]. We have also seen that
sections with prescribed residues form an affine space, so the map Ql’[ﬁ& 4 chooses one
particular section in this affine space. So the map R is well defined and our theorem
is indeed a corollary of proposition 4.

It remains to show that the spaces ((7*M))2, wamkk) and (T*Mpar, Wean) are not
symplectomorphic. Suppose for a moment that deg(D) = 1, i.e. that D consists of
a single point. The generalisation to divisors D with deg(D) > 0 is immediate. The
second of the above spaces is a fibre bundle

T*(G%/B) = T*Myar
l
M

while the first one is

o5 — (TM)

par
|

M

The inclusions of fibres in the above diagrams are symplectomorphisms. This means
that restricting the symplectic structure w.q, on the fibre of the first fibration yields
the usual complex canonical form on the cotangent bundle T*(G®/B). On the other
hand restriction of the form wx kg on the fibre of the second fibration is the holo-
morphic Kostant-Kirrilov form wgx on the complex coadjoint orbit (9&. In the first
chapter we have shown that T*(G®/B) and OF are diffeomorphic. But the Of equip-
ped with the complex structure corresponding to the form wgg is a Stein manifold
while the complex manifold 7*(G®/B) has compact complex submanifolds such as
the zero section G¢/B C T*(G®/B), so the two symplectic forms are different. It is
also immediately clear that we,, is an exact form while wa kg is not. O

2.3 Integrable systems on symplectic quotients of

T*Mp

In subsection 2.1.3 we have seen that the dimension of the moduli space M p of framed
complex structures on the principal bundle P — C'is given by the formula dim Mp =
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n(g — 1) + n - deg(D), where g is the genus of the curve C, and n is the dimension
of the structure group G. On the other hand the number of the Poisson-commuting
functions f;; : T*Mp — C defined in 2.6, was only n(g — 1) + 3(n +r) - deg(D),
r being the rank of GC, which is less than the dimension of Mp and therefore does
not suffice for the existence of an integrable system on T*Mp. As we have seen, the
group GY acts on the space T*Mp by

g Pag = Ady(Pragy)

where ¢ € GC is a representative of the element g = [¢] € G¢/G5 =~ GS. From
this and from the construction of the integrals f;; it is clear that these integrals
are invariant with respect to the action of G% and any of its subgroups. Therefore
they induce the integrals f:J on the symplectic quotients of T*Mp. As shown in
sectionl.2 these induced integrals Poisson commute, whenever the original ones do.
In this section we are going to show that after descending on one of the symplectic
quotients described in the previous section the dimensions of the obtained symplectic
spaces and the number of the functions induced from those mentioned above coincide.

2.3.1

We begin with the cotangent bundle 7%M,,.. In proposition 9 we proved that
T*Mpar = u5'(0)/Bp. From this we immediately get the dimension of T M,
Namely,

dimT* Mo, = dimT* Mp — 2dimB - deg(D) .

Since dimB = 3(n + r), this gives

1
dimMe =n(g — 1) + §(n —7)-deg(D) .

We will calculate the number of integrals f; ; that become trivial after passing on
the quotient. In order to see what happens to f;;’s, we are going to split the spaces
H°(C; K(D))* in a natural way. Take the exact sequence of sheaves

0 — O(KY % Opa(KY) 5 PP -0, (2.27)

where Opa(K?) is the sheaf of the meromorphic sections of K (D) with poles of degrees
not more than d at the points of D, and PP is the skyscraper sheaf of the principal
parts of such sections. By Serre duality we have H'(C ; K%)* = HO(C ; K'79).
But by Kodaira vanishing theorem, this is equal to zero, since in our case d is always
bigger than one. The sequence dual to the long cohomology sequence of 2.27 has
therefore the form

0 — H(C; PP)* & HO(C; K(D))* & HY(C; K — 0.
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So p* is an inclusion of H°(C;PP)* into H°(C; K(D)%)*, and the representatives
of elements of the space p*(H°(C;PP)*) have an easy description. Think of ¢ €
HO(C; K(D)?) as a meromorphic section of K with poles of degree at most d at D.
Let U; be a small neighbourhood of a point p; € D and let z; be a local coordinate
on U; centred at p;. Then we can take as a basis of p*(H°(C' ; PP)*) the set of forms
aF defined by

(af | ) = /@-Zf‘l dz; = Res,, (2F (1)) ,
Yi

where k = 1,...d, and ~; is a small loop around p; lying in U;.

Recall the equation 2.23 in the proof of proposition 9 ,

pe(Pra) = (K(-,pri(Resp, ®ra1)), ..., K( - ,prdeg(D)(Respdeg(D)))) .

The map pr : g© — b is the natural projection, and as we have already mentioned in
proposition 9, the preimage p5'(0) consists of the meromorphic sections of adP @ K
with simple poles over D and with residues lying in sub-algebras n; C g, which
are K-orthogonal complements of the sub-algebras b;. Choose a basis {¢ }i—; . of
invariant polynomials of the Lie algebra g®, and a basis {o; }{::11 ’’’’’’’’’ ™ of the space
@,_, H(C ; K(D)%)*, where d; is the degree of ¢ and m; = (2d; — 1)(g — 1) + d; -
deg(D). Recall the definition of the integrals f;; from 2.5, and 2.6:

J15(Prag) = (uj , a(Prag))

In the neighbourhood U; of the point p; the section ¢;(®4,¢) can be expanded in the
Laurent series of the form

1

Pk
a(Puag) = Y Tp+hol(z).
k=+d,

The coefficient 4, is the only one which depends uniquely on Resy, ® (4,4, and there-

fore ¢4, = qi(Resy, Prag). Let the basis {af} of p*H(C' ; PP)* be a subset of the

basis {a;;}/=;"™. Then, whenever ®14 4 € 15" (0), we have

.....

(@, 4i(Plag)) = a(Resy,Payg) =0,

since the sub-algebra n C g® consists of nilpotent elements. Reindexing the basis
{au; Mo in such a way that of' will be equal to g, for every ¢ counting the

points in D and every [ counting the invariant functions involved, we get

Fri(@ag) = (', @:(Ppag)) = a(Resy, Plag) , (2.28)
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and therefore on 153" (0)

J1i(Pag) =0. (2.29)
Taking the quotient by Bp we conclude:
fl,i(q)[A,qs]) =0 (2.30)

on T"M,,-. By an abuse of notation we denoted an element of 7*Mp and that of
T* Myqr by the same symbol.

Next we are going to show that the relations 2.29 above are the only ones imposed
on induced integrals f;; by the transition to the symplectic quotient pz'(0)/Bp.
Recall formula 2.17

deg(D)
fur(@uag) = > K@W(p:) . Res,Ppaq) (2.31)

=1

for the Hamiltonian functions of the G$-action on T* Mp. These functions assign to
an element @4 4 the components of its residues at the points p; € D with respect to

some choice of basis of @;iigl(D) g®. So, choose a basis {¢ }Zill’ij:ffl;g D) of'@figl(m o,
and let the elements ¢i € Lie(G®) satisfy the conditions 9% (p;) = &. Then the

equations 2.28 and 2.31 give us the following relations:
Jri(®rag) = @i (Prag) -5 fn(Prag)) - (2.32)

In the case of Bp-action formula 2.31 changes slightly to become

deg(D)

ful(@ag) = D K@ (@) , pri(Resy, Prag)) , (2.33)

i=1

where pr; : g% — b; are natural projections. Each factor b; in the direct sum
bp = @D;_, b; is of the form b; = b, & n;, where b, C g° is a Cartan sub-algebra, and
n; is the nilpotent summand of b;. We have seen in sectionl.2, that every element
¢ of a Borel sub-algebra b C g® is of the form £ = A + a = Ad,()\) for some \ € b,
some o € nt, and some b from the Borel group B corresponding to the algebra b.
From the Ad-invariance of functions ¢;, and from formulae 2.32, and 2.33 we get the
expression

Jri(®rag) = a(fpa(Prae) -5 fra(Prae)) » (2.34)

.....

number of functions f; constructed in 2.28 and the number of functions f,: are the
J
same, and since the transformation

(z1, -y zr) = (@(z1y o 20)y ooy @r(21, 205 20))
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is non-degenerate almost everywhere, formula 2.34 tells us that the systems of func-

tions { fi,;} and { f;,:} are equivalent. This means that they are Hamiltonian functions
J

corresponding to the action of the same commutative group on T*Mp, or in other

words

Jui = Jir (2.35)
for some different basis {[7]} of the commutative sub-algebra €;_, h; C bp.

Now suppose that the restriction on the preimage ujz'(0) induced some relation
among the integrals f; ; in addition to those given by 2.29. Then we could construct
a function g : T*"Mp — C commuting with all the integrals f; ; and being identically
equal to zero on the subspace ,u;l (0) € T*Mp. But that would mean, that g is a
Hamiltonian function fj,) corresponding to the infinitesimal action of some element
[¥] € bp = @,_, b; C GE/G5. The action of Bp on T*Mp is free, therefore the
homomorphism of Lie algebras

H : bD — (COO(T*MD) ) {7 })

given by
H([W) = fiw

is injective, and so two Poisson-commuting Hamiltonian functions can only come from
two commuting elements in bp. From 2.35 then follows that the elements [7/] and [¢/]
of the algebra bp commute. Since @;_, b, is the maximal commutative sub-algebra
in bp, the element [¢)] must lie in it, which after descending onto the quotient by Bp
proves that the set of relations 2.30 is complete.

The above discussion constitutes the proof of the following proposition.

Proposition 12 Let f;; be the system of n(g — 1) + 2(n + r) - deg(D) Poisson-
commuting functions on the cotangent bundle T* Mp. Then the number of nontrivial
induced functions f;; on the symplectic quotient T*Myq, = ' (0)/Bp is n(g — 1) +

1(n—r)-deg(D), which is the same as the dimension of the space T* My, and these

2
functions Poisson-commute. There are r - deg(D), r being the rank of G©, elements
fw : T*"Mp — C of the system f; ; which after passing onto the symplectic quotient

yield trivial functions

fk(CD[A@]) = 0 .

The above relations are the only ones induced on f; ; by taking the symplectic quotient,
and therefore the functions f; ; constitute an integrable system in the space T Mp,,.

O
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2.3.2

Next, we are going to prove a result analogous to the one above for the symplectic
quotient (7*M)2 = ;' (\p)/Hp described in proposition 11.

par

Proposition 13 Let E” ; (T*M);;; — C be the system of integrals induced from
the functions f;; defined on the space T*Mp. The number of nontrivial induced
functions is n(g — 1) + 3(n —r) - deg(D), and they Poisson-commute with respect to
the symplectic form waurx on (T* M2 Let (A1, ..., Aaegp)) = Ap. There exists a

subsystem fl, i = 1,...deg(D), | = 1,...,r of the set {f;;}, such that the induced
functions satisfy the following relations

}L/l,i(q)[A@]) = q(N\)

Jor every index | and i. These relations are the only ones induced by the symplectic
quotient while passing from f;; to h, ;.

Proof: We start with the symplectic quotient pJgiD()\D) /B Ap = MM Ap men-
tioned in formula 2.25 of the proof of theorem 11. The elements in the preimage
ugiD(/\ p) are meromorphic sections @4 4 whose residues at the points of D are of
the form

Res, @9 = Ni +

for some nilpotent element o € n” C by,. It is then immediately clear from the proof
of the previous proposition, in particular from formula 2.28, that for every function
g1; induced from the f;; appearing in formula 2.28, we get the following identity;

91i(Prag) = @) - (2.36)
Again we used the fact that \; + a = Ad,(\;) for some b € B,,.

The proof that besides the relations 2.36 there are no others induced on g; ; by
passing from T* Mp to MM Ap is precisely the same as the proof of the analogous sta-
tement in the previous proposition. So the above proposition holds for the symplectic
quotient MM Ao- Recall now the diffeomorphism

par

F MMy — (T*M))o

constructed in the proof of theorem 11. Careful inspection of the definition of the
map [ in the proof of proposition 4 shows that because of the Ad-invariance of the
polynomials ¢; involved in the definition of the integrals g; ; on M Ap and h;; on

(T*M))b. | they satisfy the following relations

par

F(hij)(@rag) = hij(F(Prag)) = gij -
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Again, because of the Ad-invariance of ¢;s, the integrals g;; and ﬁl,i assume the same
constant values, so we have indeed

%l,z‘ = q(\)

for every [ =1,...,r and every i = 1,...,deg(D). 0

2.4 Spectral curve

In previous sections we have constructed systems of Poisson-commuting functions Ezy
and ﬁj on the spaces T*M,,, equipped with different symplectic structures. The
number of functions in the systems {f;j} and {Eu} coincides with the dimension
of M. In this section we will prove that these systems of functions are functio-
nally independent thus constituting integrable systems on the spaces (7" M4 , Wean)
and (T*M))0. , wmkk) = (T*Mpar ,wxp,). As shown in [Hi 1], one can encapsu-
late the quantities preserved under the flow of an integrable system on T*M in
an algebraic curve, called the spectral curve S. This curve lies in a natural way
in the projectivisation of the total space of the cotangent bundle K — C' and
it is clear from the construction of S that the dimension of its linear system is

equal to the number of the functionally independent components of Hitchin’s map
H:T"M — @,_, H(C ; K%).

But there is more to the concept of spectral curve. It provides us with a fairly
concrete description of the Liouville tori of the integrable system in question. Namely,
these Liouville tori turn out to be Abelian varieties corresponding in a certain way
to the spectral curve. In the simplest case, where the structure group of holomorphic
bundles P — C is GL(n;C) this is just the Jacobian torus of S. In the cases of
other structure groups the corresponding tori are Prym varieties of S. This would
eventually enable us to solve the integrable systems studied in terms of ©-functions.

The case treated in this section is the one, where the structure group of P — C
is SL(n;C), since we just want to point out the differences stemming from the fact
that we treat the spaces of parabolic holomorphic structures. These would than carry
over without much difficulty to the cases of other classical structure groups following
Hitchin’s treatment in [Hi 1]. However, a part of discussion will be valid for the case
with the arbitrary structure group.

2.4.1

We will begin with the construction of the spectral curve for the symplectic space
T*Mp. Let |K(D)| denote the total space of the line bundle p : K(D) — C, and let
p: p"(K(D)) — |K(D)| be the line bundle obtained as a pull-back of |K(D)| by p.
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The bundle p*(K (D)) has an obvious tautological section w. In the local coordinates
this is given by w(z,t) = t, where z € U C C'is a local coordinate on the curve C,
and t is the coordinate in the fibre direction. Use the same trivialization again to
trivialise p*(K(D)),-1). Denote the pull-back p*(K (D)) by K(D), and its tensor
powers by K(D)d. Let q1,...,q. be a basis of the invariant polynomials of si(n;C).
Then ¢;(®),i = 1,...r are elements of H°(C'; K (D)%) for every choice of ® € T* Mp.
Let ¢*(®) € HO(|K(D)| ; K(D)*) denote the pull-backs of ¢;(®) by the projection
p. Then we can define the section Q(®) lying in the space HO(|K(D)|; K(D)*) and
given by the formula

Q(P) = det (p*(CI)(z) + Iw>: wr + ET: g (®) - wdr=h) (2.37)

Definition 7 The spectral curve S(®) of an element ® € T* Mp is the zero locus of
the section Q(®P).

Restricting the bundle projection p : K (D) — C to S(®) C K(D) gives a ramified
cover

p:S(®) —C

the number of leaves being d,.. A point z; € C' is a ramification point of p if and
only if the element ®(z) € (adP @ K(D))(29) = g® is not regular, i.e. it lies in one
or more Weyl chambers of the Cartan sub-algebra b, . The choice of b, depends
on the choice of the isomorphism between the fibre over z, and g, but since such
isomorphisms differ by adjunctions of the elements of GC, the regularity of ®(z) is

well-defined.

Let now
O, : [ — T*Mp

be a path such that all the functions f; ; : T"Mp — C defined in 2.6 of the subsection
2.1.2 are going to be constant along it. It is then clear from the construction of
functions f; ;, that S(®;) = S(P®¢). Therefore we can talk about the spectral curve S
belonging to the system of the integrals f; ;.

We are now going to compute the dimension of the linear system S using Riemann-
Roch theorem. For this purpose we have to compactify the space | K (D)| by projecti-
vizing it fibrewise. We will denote the resulting ruled complex surface P(K (D) & C)
by M. The curve S induces one on M in a natural way. If S is given locally as a
(multi-valued) section S(z) = y, then the corresponding curve in M is locally the
set of points with homogeneous coordinates [y, 1]. The resulting divisor will again be
denoted by S.



68 CHAPTER 2. INTEGRABLE SYSTEMS ON MODULI SPACES ...

Proposition 14 The linear system |S| of the divisor S in the ruled surface M has
the dimension

d? +d,

dim|S| = (d7 — 1)(g — 1) + ( ) - deg(D) .

Proof: The curve S corresponds to a section Q of the line bundle IC(D)dT —
|K(D)|. Denote by L — M the line bundle obtained from K(D)* after the projec-
tivisation. Then we have dim|S| = h°(M ; L) — 1. Riemann-Roch theorem for the
surfaces has the form

X(L) = x(Ou) + (1L~ L Kup). (2.38)

First we compute x(Opr). Noether’s theorem gives

1

x(Own) = E(KM Ky + x(M)) .

Since M is a P'-bundle over the curve C of genus g, we get

X(M) =x(P")x(C)=4(1—g).

In calculating different intersection numbers we are going to make use of the fact that
the second homology of a ruled surface is generated by the fibre F' =2 P! and the “zero
section” F = C. So Ky = aF + BF for some pair of integers o and 3. Using the
obvious equalities &/- F'=1 and F' - F' =0, we get

Ky-E = aE-E+p8
(2.39)
KMF = «

Every section of K(D) — C'is homologous to F, therefore
E-E =deg(K(D))= (29 —2) +deg(D) .

From the adjunction formula

_E-E+Ky-E

1
5 +

9=g(E)

we then get K- E = —deg(D) and in the same way K- F' = —2. This gives a« = —2
and 3 =4(g — 1) + deg(D) in 2.39, and so

Ky =—2E+ (4(9 — 1) + deg(D))F .
The self-intersection number is then
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Together with the Euler characteristic x(M) this and Noether’s theorem finally give

X(On)=(1-g). (2.40)

The two remaining ingredients of Riemann-Roch formula that we have to compute
are the intersection numbers L- L and L- K,;. Putting L = vE + 6 F we get as before

L-E = yE-E+6F
L-F = v

When fixing the point z; € C' the section Q restricts to a section of the line bundle
O% over P! = p~1(2y), so L - F =~ = d,. On the other hand the restriction of Q on
E is a section of K(D)* — C,so L-E =d, -degK (D) = d,(2g9 — 2+ deg(D)). Since
from this 0 = 0, we get L = d,.FE and therefore

L-L=d*2(g—1)+deg(D)), (2.41)

and
L Ky =—d,-deg(D) . (2.42)

Putting 2.40, 2.41, and 2.42 in Riemann-Roch formula 2.38 we finally get

d? +d,

X(L) = (d7 = 1)(g = 1) + (= —)deg(D),

which proves the proposition, since it can be seen from the Kodaira vanishing theorem
that h'(M ; L) = 0.
O

In the case where the structure group of the principal bundle P — C'is SL(n;C),
the value of d, is equal to n. So , if f; ; is the system of Poisson-commuting functions
on (T*"Mp , wean) for this case, the corresponding dimension dim|S| is equal to
dim(SL(n;C))(g — 1) + dim(B) - deg(D), where B C SL(n;C) is a Borel subgroup.

When the structure group G is different from SL(n;C), the spectral curves are
parametrized by some linear subsystem of the full system |S| of S in M.

Next we want to see what happens to the spectral curve, after passing from 7% M p
to one of the symplectic quotients T*Mp,, and (7*M))>. described in section2.2.
First we are going to examine the second case. The treatment will be valid for the

arbitrary semi-simple structure group.

Let ® € 10 ¢]./\/l p be an arbitrary cotangent vector. Here we are going to perceive
it as an A-holomorphic section of the bundle (ad P®@ K (D)) rather than a meromorphic
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section of (adP ® K) with simple poles at D. As we have already mentioned the
isomorphism between these two aspects is provided by tensoring the meromorphic
section with the section ¢ € H°(C ;[D]). The framing ¢ then assigns to ® a specific
value ®(p;) = a; € g© at every point p; € D.

At a point zg € C' the map
Q: (adp ® K(D)),, — C’

defined, as before, by Q(®(20)) = (¢1(®(20)), - - -, gn—1)(P(20))) sends ®(zp) to a point
in C" which represents the adjoint orbit of ®(zy). Let h C g© be a Cartan sub-algebra.
Since the restriction on b induces an isomorphism between the ring of Ad G(c—invariant
functions on g© and the W-invariant functions on b, where W is the Weyl group of
g®, the adjoint orbits in g* are parametrised by the space h/W. Globally the map

H:T"Mp — (h® K(D))/W

assigns to the section ® € H°(C;adP ® K(D)) a section ¢ in the vector bundle
(h ® K(D))/W of orbits twisted by K (D). We note

(b K(D)/W = @ H(C : K(D)).

Recall the moment map
deg(D)

pp : T"Mp — @ (g7)"
=1

from proposition 7, choose a regular element A\p € @figl(D) (%) and consider the

preimage 15, (Ap) C T*Mp. For every element ® from p,' (Ap) the values (H(®))(p;)
lie in the fixed orbits O; € ((h ® K(D))/W),,, namely those of the components \; of
the element Ap. In addition to that, the framing ¢ singles out a particular element
(A(®)); € h ® K(D) from its W-orbit.

The spectral curve S(®) intersects a fibre K (D),, in the d, zeroes of the polynomial

dy
Qw) =w” + > qi(®(z)) - wh ™",
=1

where w is now the coordinate on the line K (D),,. These d, points (counted algebrai-
cally) are unordered and can be therefore thought of as the W-orbit in h® K (D) or as
an element in ((h® K(D))/W),_ corresponding to the orbit Og (., C (adP® K (D))

20"

The map H and the polynomial Q are invariant with respect to the action of the
group G5 C G€. In addition, the elements (A\(®)); are preserved by this action, since
g(p;) = id for every g € G5 and every i = 1,...,deg(D).

Summarizing the above discussion gives the proof of the following proposition.
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Proposition 15 Let ® be an arbitrary element in (T*M)N2. and let S(®) C K (D)

par
be its spectral curve. Then the restriction of the bundle projection

p:S®@) — C

1 a d.-sheeted ramified covering map. For every ® € (T*M);‘(ﬂ the curve S(P)

intersects the fibres K(D),, i = 1,...,deg(D) at the same points k},... k{". In
addition the framing ¢ induces an assignment

Qﬁ:HgHAg,

where )\z are the components of the point (A1, ..., Adeg(a)) = Ap-

O

Let |S| be the linear system of the spectral curves in the surface M from propo-
sition 14. The fixing of the fibres of S above the marked points immediately gives us
the following corollary of proposition 14.

Corollary 1 The linear subsystem |Sy || of |S| containing the spectral curves S(®)
of the elements ® € (T*M))b. has the dimension

par

&2 —d,

dim|Sy | = (& = (g = 1) + () - deg(D).

O

The description of the spectral curves of the elements ® € 7% M,,, follows easily
from what was told above.

Proposition 16 Let ® be an arbitrary element in the cotangent bundle T M., and
let S(®) C K(D) be its spectral curve. Then, as before, the map

p:S(®)—C

is a d.-sheeted ramified covering map. All the points p; € D are ramification points
of degree d,., i.e. they are ramifications of the highest possible degree.

Proof: As before, it is enough to look at a representative of ® € T*M,,, in
the space pg5'(0), and again we denote this representative by the same symbol .
Recalling the description of the moment map pp : T*Mp — (D)_, b;)* in proposition
9, we see that for every i = 1,...,deg(D) the cotangent ®(p;) lies in n® K (D),, where
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n is some nilpotent sub-algebra of the fibre (adP),, = g¢. Therefore ¢;(®(p;)) = 0
for every invariant function ¢; and the defining equation for the spectral curve

dr
Qu) =™ + ) a(®() v

at the point p; collapses to Q(w) = w?. So the fibre K(D),. intersects the spectral
curve S(®) at the single point 0 € K (D),,.

O

2.4.2

We conclude this section by pointing out the (small) differences in the description
of the Liouville tori of the integrable systems on the spaces T"M,,,, and (T*M);‘fr
compared to those on the space T*M. Here we will work exclusively with G =
SL(n;C). Throughout this chapter we were using the adjoint representation of the
structure group G® and were associating the bundle adP — C to the principal one
P — C. Here we are going to use the fundamental representation of p : SL(n;C) —
Aut(C™). The associated bundle to P will then be a vector bundle £ — C' of rank n
with a fixed determinant line bundle Det(E) — C. The parabolic structures on such

bundles were described in the example 2.

In the following proposition we are going to treat the case ((T*M))L. | wmkk).

Proposition 17 Let o« € @), H*(C; K(D)") be a regular value of the map

par

H: (T*M))> — éHO(O; K(D)".

Choose an element ® € (T*M)N2. such that H(®) = « and let S be the spectral curve

par

of . Denote by L the set of all line bundles N — S such that Det(p.(N)) = Det(E).
Then the following are true:

(a) L C Jac(S)™, where m = d — "(”T_I)(Q(g —1)+deg(D)), and d = deg(Det(E)).
(b) L is an Abelian variety.
(c) L=H (a).

Proof: First we prove (a), i.e. we locate the component of Pic(S) = Jac(S) x Z
that will contain £. Let Det(E) € Pic(C) be a line bundle of degree d, and let
N — S be a line bundle, such that

Det(p.(N)) = Det(E) .
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We claim .
deg(N) = d — @(2@ — 1) + deg(D)). (2.43)

Indeed, let U C S be the divisor, such that [U] = N and let p.(U) C C be its direct
image. Then we have the equality (see e.g. [Hal)

Det(p.(N)) = Det(p.(0)) @ [p.(U)] (2.44)

The degrees of [U] and [p.(U)] are of course the same. On the other hand

(Det(p.(0))) = -]

where B is the branching divisor of the map p : S — C'. Using the adjunction formula
and the ingredients collected in the proof of proposition 14 we can compute the genus

of S:
g(S) = %(KM-L+L~L)+1

(2.45)
= n%g—l)—i—l—l—@wleg(D).

From Riemann-Hurwitz theorem
9(5) = n(g(C) ~ 1) +1 + 5deg(B)
we can now extract the degree of the branching divisor, namely
deg(B) =n(n—1)(2(g — 1) + deg(D)) .

Putting this into 2.44 we finally get the equality 2.43.

To prove (b) we note that the mapping p, : U —— p,(U) depends only on the
linear system of the divisor U C S and it therefore induces a homomorphism

Ps : Pic(S) — Pic(C) .
The set L is the fibre of the map
p: (U] — Det(p.([U])) ,

and as we have seen in the proof of (a), this map is a composition of the homomor-
phism p and the translation

t: Pic(S) — Pic(S)

given by t([V]) = [V]® Det(p,(O)). From this we see that the fibre £ = p~(Det(F))
is isomorphic to the kernel IC of the homomorphism p,, which is an Abelian sub-variety
in Jac(S). The isomorphism between K and L is provided by a translation.
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Finally we prove (c). Let ®4 € (T*M))5 be an arbitrary element such that
H(®4) = . Then we have S(®,4) = S. We are now using the fundamental represen-
tation of the structure group SL(n;C), so we can express the section given in 2.37 in

a more suggestive and standard way:
Q(Dy) =det(p"(Pa)+w-1).

Since w is the tautological section of the line bundle p*(K (D)) — |K(D)|, we see, that
at any point pt € S of the spectral curve, w(pt) is an eigenvalue of the endomorphism

p*<q)A)pt : p*(E>pt — p(F® K(D))pt .

The eigenspaces are generically one-dimensional, so we get a line bundle N — S
whose fibres are the eigenspaces of p*(®4). It is clear from the construction of N that
Det(p.(N)) = Det(E), so N € L.

Now let N € L be arbitrary. By definition its direct image p,(N) = E is a rank
n holomorphic bundle over C' with the prescribed determinant. The corresponding
section ®(N) € H°(C; Endy ® K(D)) is the push forward of the multiplication by
the tautological section w by the projection p. We only have to see how to reproduce
the parabolic structure on E from N. Recall that the parabolic structure on E at
the points p; € D is given by the choice of a flag F

F'cF’c ... CF'=E,,
which in turn is equivalent to an ordered sequence of one-dimensional linear spaces
1
E: ... E"

provided we equipped the bundle £ — C' with a hermitian metric. Recall the assign-
ment

Gk — N,
from proposition 15. This gives an ordering to the fibres IV_; and also to their direct

images by p. So the choice of parabolic structure at the poiflt p; € D is given by the
sequence of one-dimensional subspaces

ﬁ*(qu}) ) ﬁ*(Nn?)

of the fibre (p.(N)),,. From this we also see that the parabolic structure assigns to
the cotangent ®(N) the matrix ¢(®(N)); = diag(\L, ..., A\") at every point p; of the
divisor D.

O

Proposition 17 also holds in the case of the symplectic space (T*Mpar , Wean)-
The only difference is in the reconstruction of the flags in the fibres E,, from the line
bundles N — S over the spectral curve.
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As we have seen, the marked points p; € C' are ramifications of the highest possible
degree of the covering map p : S — C. As mentioned in [Hi 1] the fibre (p.(N)), of
the push-forward bundle is given by

(ﬁ*(N))z = OS/%_I(Z) )

where Jp-1(,) is the ideal sheaf of p~!(2). In the case, where z is a ramification point
of degree n, this is equal to the jet Jy(,) of sections of N of degree n at w = p*(z).
At this point we can think of elements ¢ € Og as the series p(w) = Y .0 a; w', and
of the elements of J,w) as ¢(w) = >°;° | b w'. The elements of the quotient are
of the form y(w) = > | ¢; w" and they form the n-dimensional fibre E, = (p,(N))..
But the degree of w gives a natural ordering of the one-dimensional subspaces of this
fibre, and thus provides us with the parabolic structure at the point z.
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Chapter 3

Nahm’s equations and generalized
C. Neumann’s problem

The theme of this chapter are Hamiltonian systems (7*M, weq,, H) which describe
the motion of a particle on an arbitrary symmetric Riemannian space M under the
influence of the force potential given by V' (h) = K(AdL(3),(3)), so the Hamiltonian
has the usual form H = T 4 V', where T is the kinetic energy. We think of M as
being embedded in a semi-simple complex Lie group G®, so in the above expression
for the potential h € M C G¢, and K is the Killing form.

The following main theorem was already announced in Introduction.

Theorem 4 The Hamiltonian system (T*M,wean, H) is integrable in the Liouville
sense for every Riemannian symmetric space M.

In particular we stress, that the theorem holds for the compact as well as for the
non-compact Riemannian symmetric spaces. We prove this theorem by first proving
its analogue for the case where M = GC. This is done in section 3.3. By imposing two
involutions on 7*G® we then obtain the proof of the above Theorem as a corollary.
In section 3.2 we show that the above systems can be thought of as being related to
the Hitchin’s systems discussed in the previous chapter which are degenerated in a
certain way. This setting provides us with the tool for proving the integrability.

In section 3.4 we describe the way in which certain integrals of the “master sys-
tem” (T*G®, Wean, H) assume the role of constraints after passing from T*GC to the
subspace T* M. This process has a description in terms of confining the discriminant
of the spectral curve to a certain linear subsystem.

In the last section we describe a few concrete examples of our general setup.

7
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3.1 Nahm’s equations and symmetric spaces

In this section we generalize the relation between the Nahm’s equations and the
motion on H? = SL(2;C)/SU(2), established by Donaldson in [Do], to the case of
arbitrary pairs (G©, CNJ) where G is a semi-simple complex Lie group and G one of its
(not necessarily compact) real forms. We then show how Nahm’s equations give rise
to a class of variational problems describing the motion of a particle in an arbitrary
Riemannian symmetric space M under the influence of a certain force potential. More
concretely, these variational problems are given by the Lagrangian

£y = [ GIRIR -+ Va (b))t

where ¢ — h(t) is a path in M, || ||» the natural metric on M and Vj,(h) the
field potential. We begin with a short description of symmetric Riemannian spaces
emphasising in particular the fact that we can obtain them by imposing two different
real structures on some semi-simple complex Lie group.

3.1.1

The literature discussing the symmetric spaces is vast. The main source used in this
subsection is Helgason’s book [He 1].

Definition 8 A Riemannian manifold M is a globally symmetric space if every point
p € M is a fized point of an involutive isometry of M. This isometry takes any
geodesic through P into itself as a curve, but reverses the parametrisation.

Somewhat surprisingly, the presence of isometric involution is a very strict condition
and reduces the vast realm of Riemannian geometry to the relatively narrow one of
the homogeneous spaces, i.e. the quotients of finite dimensional Lie groups. But not
even all homogeneous spaces are symmetric. The following description of symmetric
spaces is due to Cartan.

Theorem 5 FEwvery globally symmetric Riemannian space M is a homogeneous space,
i.e. there exist a real semi-simple Lie group G and a Lie subgroup U such that M =
G/U. The metric on M is induced by the Killing metric on G. On the other hand, a
homogeneous space M = G /U is symmetric if and only if

wul Cu, [u,p]Cp, [p,p]Cp,

where g = u@ p is a direct sum decomposition of the Lie algebra g = Lie(G) into the
Lie sub-algebra uw = Lie(U) and a vector subspace p C g.
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Proof: See e.g. [He 1]

O
Proposition 18 Let g be a real Lie algebra and
g=udp
its decomposition into a Lie sub-algebra w and a subspace p. Then
g=udip
1s a Lie algebra if and only if
wu Cu, wplCp, [pp] Cp. (3.1)

Proof: Tt is a matter of a trivial verification. For an arbitrary pair of elements
(a+ix) ,(b+iy) € g. the bracket

o+ iz b+ iy = ([a,b] = [2,9]) + i([a, 4] + [x, b])

lies in g if and only if the conditions (3.1) hold. O

Definition 9 The decomposition
g=udp

satisfying the properties 3.1 is called the Cartan decomposition of the real Lie algebra
g. The Lie algebras g = u+p and g = u+ ip are called related with respect to the
sub-algebra .

It can be shown (see [He 1]) that in the above decomposition the restriction of
the Killing form K on u is negative-definite, while the restriction on either p or ip is
positive-definite. Hence one of the two Lie algebras g, g is always compact, since K is
negative-definite on it. The sub-algebra u is the maximal compact sub-algebra lying
in the non-compact element of the pair (g, g).

Now let G©, G and G denote the Lie groups corresponding to the algebras g©, g,
and g respectively. Here g® is the complexification of the other two. Let

7, 7: Gt — G©

be the real structures of the complex Lie group GC having G and G as their real
forms. Call the Lie groups G' and G related with respect to U if their respective Lie
algebras are of the form g = u®p and g = udp. This construction provides us with
the following description of the symmetric spaces.
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Proposition 19 Let M = G/U be a Riemannian globally symmetric space, where G
s a semi-simple Lie group, and let G be related to G with respect to U. Then

M = {a e H; 7(a) = a}

where H = Gc/é and T is a real structure of G¢ corresponding to the real form G.

In other words, M is a simultaneous fixed point set of two involutions T and o, where
o(a) =7(a™t).
The metric
<a76>u = _K(u_l s, u_l ' ﬁ)a

a,B € T,M is the natural metric on M. Being a fized-point set of an isometry,
M C G s a totally geodesic sub-manifold of H and of the Lie group G.

Proof: The real Lie algebras g and g have the same complexification
gt =goig=gaig

Denote the quotient G€/ G by H. The space H can be viewed as a sub-space in G
being the fixed point set of the involution a — 7(a™!).

The natural metric on H is defined by
(a,) = —K(h™ -, b1 B) (3.2)
for a, 8 € Thﬂ. This metric is non-definite. We claim:
M:{aeﬂ; 7(a) = a}
where 7 is the real structure corresponding to the real form G' C GC. Indeed:
{aeH;T(a)=0a} =(G°NG)/(GNG)=G/U=M
It is also readily seen that the metric (3.2) restricts as a definite metric on M.
Suppose there existed a geodesic v(t) in H, such that y(t) € M for ty <t <t
and v(t) € M for t > t;. Then 7(y) = 0 would be another geodesic in H different
from v but with the property
V() =6() , At) =d(t) .
Geodesics are solutions of a second order differential equation, and once the two

initial conditions are fixed, solutions of such equations are unique, which rules out
the existence of the pair v , 9. O

Suppose that the group G is compact. Then the symmetric space M = G/U will
also be compact. If we reverse the roles of G and G the resulting space M will be
non-compact. When the groups G and G are related with respect to the subgroup
U, the spaces M and M are called the dual Riemannian symmetric spaces. The
elementary example of this duality is the pair (S, H?), where S? is the 2-sphere, and
H? the hyperbolic 2-plane.
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Next, we collect a few facts about the Cartan decompositions that will be needed
later in the text.

Let g© be the complexification of g (or of g) and let u® = u @ iu and p© = p G ip.
Then we have a direct sum decomposition

Let
0:¢g° —¢°

be the involution of g€ having u® as the +1 and p® as the —1 eigenspace respectively.
Denote by by a maximal Abelian subspace in pC. By Zorn’s lemma this lies in a
maximal Abelian subspace h C g©, i.e. in the Cartan sub-algebra h. Let 2 € b
be an arbitrary element. Then z — ©(x) € p®. In addition, it is easily seen that
[ —©(x) , y] = 0 for every y € b (see [He 1], page 221 ), therefore z — O(x) € by
from which we see that ©(h) C h. Hence we have a direct sum decomposition

h=hNuC P hnypt.
Denoting h N u® by by, we can rewrite the above decomposition in the form

b= by @by

Let A C b* be the root system of g€ corresponding to the Cartan sub-algebra b
and choose an ordering of the roots to obtain the partition A = AT UA™. Let W
denote the Weyl group of g&. Recall that W is the subgroup of GL(h) generated by
the reflections

So(z) =2 —2(a , ) - ",

where (-, -) denotes the duality pairing between h and h*, « is a positive root, and
a* € B is the unique element such that (a*,a) = 1 and (a* , 3) = 0 for every
B € ker(a). Note that the hyper-surface ker(a) C b is the mirror of the reflection
Sq.

Let 167 < S(g®") denote the ring of polynomials on g€ invariant with respect
to the adjoint action of G on g© and let I C S(h*) be the ring of polynomials
on h invariant with respect to the action of W. Recall the well-known theorem of
Chevalley:

Theorem 6 Let the polynomial ¢ € S(g%7) be an element ofIGC. Then the restriction
mapping
7~ qly

1s an isomorphism between I and IV In addition the ring I is finitely generated,
and the number of independent generators qi,...,q, is equal to the dimension of b.
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Proof: See e.g. [Hu 2]. O

We have already mentioned, in the previous chapter, that there are many possible
choices of the bases, but the set of degrees of the elements of any basis is uniquely
determined by g®.

Let now Ap denote the set of all the roots o € AT which do not vanish identically
on hy C h Obviously o € A*\ Ay if and only if a\hp = 0.

Definition 10 The Weyl group Wy of the Cartan decomposition
g = u€ @ pC
is the subgroup of W generated by the reflections s, where o € Ap

The group Wy has the properties analogous to those from the second part of
Chevalley’s theorem.

Proposition 20 The ring " s finitely generated. The number p of independent
generators equals the dimension dim bp and the degrees of generators are uniquely
determined.

Proof: See e.g. [He 2] OThe number p = dim by is called the rank

of the dual symmetric spaces G/U, and G /U and it is equal to the dimension of the
maximal totally geodesic flat sub-manifold in the respective symmetric space. This
is not difficult to see. We can think of the symmetric spaces G/U and G /U as the
subspaces exp(Re p®) C G and exp(Im p©) C G respectively. Then the exp(Re hp)
and exp(Im hp) are a torus and an affine space, and hence they are flat. They are
totally geodesic sub-manifolds since [hy, [hp, hp]] C by (See [He 1]).

In section 3.4.1 the following lemma will also be needed.

Lemma 8 Let g© be a semi-simple Lie algebra and

g€ = u€ @ pC
a Cartan decomposition with the corresponding involution ©. Choose a nonzero ele-
ment x, € g% in each of the root spaces g*. Then we have

ut = bu @ @ (0" +g )@ Z Clza+0O(z4)

AH\Ap acAyp

and

pe = bp @ Z C(za — O(z4))

OéEAp

Proof: See [He 1], page 223. O
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3.1.2

Let g be an arbitrary semi-simple Lie algebra and let T; : I — g, ¢+ = 1,2,3 be
functions from an interval to g. The system of equations

Li=3 D e [T, i=1,2,3 (3.3)

is called Nahm’s system. These equations arise in the study of monopoles. (See
e.g. [Do], [Hi 3] ). There is also a more straightforward connection between Nahm’s
equations and the Yang-Mills theory described in [Do]. Take another function Ty :
I — g and modify the system 3.3 slightly to get

ﬂ = [T07ﬂ]+§zgi,j,k[7};Tk] 1 = 1,2,3. (34)
Let P — R* R* = {(t, 21, 2o, v3)} be a trivial principal G-bundle and let g = Lie(G).
Define a connection A on P by

A= Todt + Tldxl + TQd!EQ + ngl‘g.

Then one can check directly that the ASD equation for the connection A is equivalent
to the system 3.4. The connection A is invariant with respect to the lifted translations
in the directions w1, x9, x3, since only the variable t is effective. The gauge transfor-
mations u : R* — G of the bundle P respecting this invariance are those of the form
u(t, x1,x2,23) = u(t). They act on the functions T;,7 = 1,2,3 by

w(ly) = Ady(Tp) —uu™?

W) = AdJ(T), i=1,23 (3.5)

Since the ASD-equation is gauge invariant, the transformation 3.5 will send one so-
lution of 3.4 into another. It is clear that the original system 3.3 is just the system
3.4 written in an appropriate gauge, namely, the one satisfying the equation

u Tt =Ty,
Denote by g® the complexification of g and define:

1
Oé:§<T0+T1>3[—>g(C

1
5:§(T2+T3)1[—>9C

Then one can check directly that the system 3.4 is equivalent to the pair of equations

dp
d(a —7(a))

o = 2r(e),al + [7(6),5]) (3.7)

Here 7 : g© — g® is the real structure of g© corresponding to the real form g C g°.
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Remark 6 It is well known (see e.g. [D-K]), that the ASD equations for the curva-
ture Fy of a connection A
*FA = —FA

can be rewritten as a pair of equations
20 _ 02 _
Fy=F"=0

(FA,W> =0

provided that the base space of the bundle in question is a Kdahler manifold with the
Kahler form w. The first equation is the integrability condition for the complex struc-
ture on the bundle associated to A. The equations 3.6 and 3.7 are precisely this type
of rewriting in our special case, invariant in three directions.

The equation 3.6 is invariant with respect to the complex gauge transformations
g : R — G© acting by
gla) = Ady(

a) —
9(B) = Ady(P)-
So if («a, ) is a solution of 3.6, then so is (g(a),g(3)). Since (0,08), Bo = const

obviously solves (3.6), its general solution is

Log
29

o = —399
5 = Ady() 3
for any g : R — GC.

The key ingredient of this chapter is an interpretation of the equation 3.7 in a
variational context. First for every o € g€ denote

lal* = K(a, o(a))

where K is the Killing form , 0 = —7 and 7 is the real structure corresponding to the
real form g € g©.

Proposition 21 (Donaldson) Let («, 3) be a pair of functions from an interval into
a© and let (o/, ') = (g(«), g(B)) denote the transformed pair for some g : I — GC.

Then the equation
W = 2([r(a), o] + [7(8), )

is the Euler-Lagrange equation for the action given by

£) =5 [ (I + ol +20 5 (39
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Proof: Even though the proof is a straightforward generalisation of the calculation
in [Do], we include it for the sake of completeness.

Let 7 denote the conjugation corresponding to the real form G C G, and let the
involution & : G® — G€ be defined by 6(a) = 7(a™!). Clearly we have d6 = o. Let
H C G© be the fixed point set of &, which as we know is the homogeneous space
H = GC/G. The following observations will simplify the calculation. By the group
invariance we can assume g = e, so the variation dg will take values in the tangent
space T,G® = g©. Since Nahm’s equations are gauge invariant with respect to the
real gauge transformations u : I — G, we can further restrict the domain of the
variation 8¢ to the subspace TH C T,G®, where T'H denotes the tangent space of H

at the class [e] € H. Therefore o(dg) = dg. Recall the definition of the Killing form

Kla, B) =Tr(ad(a) , ad(B)) .

The additivity of trace and the fact T'r(ab) = Tr(ba) give us

B ! . ad(d(a+ o(a))) - ad(a + o(a))+
selg)= [ (+2<ad<cw>-ad(aw))mdw)-ad(é(oﬁ)))) d. (310)

Since o(ad(df) - ad(cB)) = ad(f) - ad(d(cf3)), we have

Tr(ad(36) - (08)) = Tr(ad(B) - ad(é(05))) .

Also
08 = 0(Adyf) = adsy(B) = [0g , 5], (3.11)
and similarly
1 d
da = [0g 0] — 5 —(39).
Hence d
a+o(a) =g, a—oc(a) — E(ég) . (3.12)

Putting (3.11) and (3.12) into (3.10) we get
52(g) = /1 - ( (ad (a + 0a) - (ad (39) +ad [bg 0 — o(a)))) > "
0 +2ad (B) - [0(B) , dg]

The Jacobi identity
ad([a, f]) = [ad(e), ad(D)]

gives

Tr(ad(a+ o(a)) -adldg , a —o(a)]) =2Tr(ad(dg) - ad|a ,o(a)]) .
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Integrating by parts we get

/0 Tr(ad(a+o(a)) - %(ad(ég)) dt = —/0 Tr(%(ad(a +oa)) - ad(dg)) dt .

Since ¢(dg) = dg and o([dg, B]) = [0(5), dg|, we can finally write

5L(g) = /0 Tr (ad(%(a +o(0)) + 2[a,0()] +208.0(8)) -ad sgdi .

Since our Lie algebra g® is semi-simple, ad(a) = 0 if and only if a = 0, and therefore

the equation
AL 4 a(fa, o] + (5,05 = 0

is indeed the Euler-Lagrange equation for the functional £(g) as claimed.

In order to obtain the variational expression of the whole Nahm’s system we put
the solution 3.8 of the equation 3.6 into the action 3.9 getting:

1

£0) = 5 [ (i~ + alag™)IE + 20 Ady o)l (313)

Let as before 6(g) = 7(g7!), where 7 is the real structure of G¢ corresponding to the
real structure 7 on g®. Since Nahm’s system is invariant with respect to the real gauge
transformations, it makes sense to try to rewrite the 3.13 in terms of h = g - (g),

h(t) € GY/G =H.
First we observe that gg~' + o(97'¢) lies in TjqH and that

lgg™" + (g™ 9)Il = 2l|all

! with respect to the direct sum decomposition

where a is the T{,’H component of gg~
¢“=g0ig=g®TyH.

The norm ||a|| = K(a, o(a)) coincides with the Killing form when restricted to Tie]H C
g and it induces the natural Adg- invariant norm || ||p; on H. From this we get

lgg™" + (g™ )l = lIh Iy
It is also easy to see:

| AdyBo|* = K(AdyBo, 050) = Vi, (h) .

We can summarize the above discussion in the following proposition.
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Proposition 22 Let T; : [ — g be a solution of the extended Nahm’s system

1 .
T = [T, T + 5 Y el Tl i=1,2.3, (3.14)

and let g : I — G© solve the equations

gg_1 = To+11%
Ady(Bo) = To+iT3

Then the path h(t) = g(t) - 6(g(t)) : I — H is an extremal for the action
1
1. .
£) = [ (Gl + Vi )i (3.15)
0
where the potential Vi, (h) is given by = K(AdnBoy , o).

Solutions of Nahm’s system are naturally partitioned into orbits with respect to

the action
U(Tg) = Adu(To) —qut
w(T;) = Ad,(T;) i=1,2,3

of the gauge group U = {u: [ — G}.

(3.16)

Proposition 23 There is a one-to-one correspondence between the gauge equivalence
classes of the solutions of Nahm’s system and the solutions of the variational problem
on 'H with the Lagrangian 3.15

Proof: Let h : I — 'H be a fixed solution of our variational problem, and let
g : I — G® be such, that g(t)6(g(t)) = h(t). Suppose g(t) corresponds to a solution
T;(t), 1 = 0,1,2,3 of the Nahm’s system in the sense of the previous proposition. It
is clear that
W={(g-u):1— G%u:1— G}

is precisely the set of all functions for which

(g-u)-6(g-u)=h.
Now put _ _ .
To +iTy = (g-u)"(g-u)
Ty +iTy = Ady.u(fo)
From the previous proposition and from the action 3.16 then follows:

T,=u(T;), i=0,1,23

O

As a corollary of this proposition, we see that there is a one-to-one correspondence
between the solutions of the original Nahm’s system 3.3, where 7, = 0 and the
solutions of the variational problem with the action 3.15.
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Let, as in subsection 3.1.1, M = G/U be a Riemannian symmetric space, G the
complexification of the real group G,

g=udp
the decomposition of the Lie algebra g = Lie(G) associated to M and
g=udip

the real Lie algebra related to g with respect to u. Let G be the semi-simple Lie
group such that g = Lie(G). We have seen in the previous subsection that M is a
totally geodesic sub-manifold in the homogeneous space H = GC / G. We are going
to conclude this section by specifying those solutions of Nahm’s system 3.3 for the
functions

Ti:1—g

which correspond to the solutions of the variational problem

o) = [ Gl + Vau ()

confined to the sub-manifold M of H. When we will be looking for the non-trivial
integrals of motion on a symmetric space we shall need the following propostion.

Proposition 24 There is a one-to-one correspondence between the solutions of the
variational problem on M = G /U given by the Lagrangian

1
1 .
o) = [ GBI+ V()
and the solutions of Nahm’s system
Ti+ = Zg”k Tl =0 i=1,2,3

such that
Ty,15 I — ip

T2 l— u

Proof: We are going to show the following. Suppose a solution of
T, + [Ty, T} + = }:&M LT =0 i=1,2,3

yields a path h(t) such that for all ¢, h(t) € M. Then there exists a gauge u: I — g
in which the following are true:



3.1. NAHM’S EQUATIONS AND SYMMETRIC SPACES 89

(i) Ty, T3,: I —ip , To: I —u

Recall that h(t) = g(t) - 6(g(t)), where
g9~ =Ty +iT

Ady(Bo) =To + 115 .

In the rest of this proof 7 and 7 will denote the real structures of G corresponding
to the real groups G and G respectively. For h € H to lie in M, means 7(h) = h, so
we get

T(g-F(g™) =(9-7(g7"),
which is equivalent to

o™ T(9) =97"7(9).

Decomposing g € G€ uniquely into g =b-h, b€ G, h € G°/G = H we then get
h? = 7(h?)
Elements in ‘H have square roots, so
h =7(h)
Factorizing h into h = h;y - hyp according to the decomposition ig = iu @ ip gives
haw - hap = T(hiu - hip) = ) - hup,

so hjy = e. The above factorization is proved in [He 1] From this we conclude
g(t) € exp(u @ p @ ip) for every t € I. We have seen in the previous proposition
that a gauge transformation u : I — G of the Nahm’s system sends g(t) : I — G
into g(t)u(t) : I — G. Since g(t) in our situation can be decomposed in the form
g(t) = a(t)c(t); a(t) € G, c(t) € exp(ip), the gauge transformation d(t) = c(t)~! sends
¢g(t) into a solution which takes values purely in G.

We still have some gauge freedom left, since we can decompose u(t) = e(t)d(t),
e(t) € exp(u) = U, d(t) € exp(ip). We are going to use the part e(t) of the gauge to
set Ty = 0. This is indeed possible. Since g(t) € G, we have a(t) = 1g(t)g(t)~" and
B(t) = Adg)(5o) taking values in g. On the other hand

1 ~ o~
(l/(t) = §(TO +ZT1) cgdg

3(t) = 5T +iT) €5 7
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From this it follows
To, T2 I —u

11,13 : 1 —ip

If we choose the factor e(t) of our gauge transformation so that it satisfies the equation
To(t) = e(t)é(t), the conditions 1. and 2. from the proposition are fulfilled.

O

3.2 Framed bundles over CP!

Here our goal will be to relate the mechanical systems given by the Lagrangian
L(h), described in the previous section, to the Hamiltonian systems on the cotangent
bundles over the moduli spaces of framed bundles which were studied in the second
chapter. In order to do that we will have to modify these moduli spaces slightly,
namely the divisor D of the marked points will this time consist of two points both
with multiplicity two.

3.2.1

In the previous chapter we defined and studied the holomorphic principal bundles
over an arbitrary Riemannian surface C' with framings over the points of a divisor
D € C'. Recall that we denoted the moduli spaces of such objects by Mp.

Here we are going to focus on a very simple case of Mp, namely the one where
the underlying principal bundle P is the trivial G®-bundle over CP!. Grothendieck’s
theorem tells us that there is only one holomorphic trivial G®-bundle on the CP', so
it is clear immediately from the definition that in our case we have

deg(D)

Mp = ( I G;.C)/GC.

Here GY is the fibre of the trivial bundle P over the marked point p; and G¢ =
Aut(P) acts diagonally. Since everything is finite-dimensional, the description of the
cotangent bundle T* M p will also be easier for this special case. The approach that
mimics the one in the first chapter is to represent T* M p as a symplectic quotient of

T* (H?igl(D) G?) with respect to the cotangent lifting of the diagonal action of G on

Hfigl(D) G¢. Denote by ® the elements of T*Mp and recall that the moment map is
given by.

(@) = Z fi(@)¢
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where {¢7} is a basis of (g©)*, and f; are appropriate Hamiltonians. Let the elements
of T* (Hdeg G‘C) be given in the form & = ((gi)izlwn, (v; - gi)i:17..,n), where

gi € G% and v; € g%,. The Hamiltonians f; corresponding to the cotangent liftings
of the fields

§j(gi)izl ,,,,, deg(D) <(§J) > deg(D) (g, 5J>

.....

,,,,, deg(D)
are

fi(@) = (@(®), &) =0 v gi, gi &)
SPOPHAL (vi) , &) = (59 Ady (vi) , &)

Here o again denotes the tautological 1-form on the cotangent bundle. Since pu(®) =0
if and only if f;(®) = 0 for every j = 1,...,n we have

(3.17)

deg(D)

p~H0) = Z Ad; v; =0}

So we finally get

deg(D

T*Mp = = (0)/G® = {([g], (A ( Z Ad; v; = 0}, (3.18)

where [g;] denotes the GC-orbit of (g;)i—

......

In the previous chapter we have seen that in general a fibre in the cotangent
bundle T* M p is isomorphic to the space of certain holomorphic sections, namely

TimMp = H(CP' ; ad P ® K(D)), (3.19)

where [P] € Mp = ([T%4") GE)/GE. Since in the case of CP' we have K = O(—2),
we see from tha above that the elements ® € T*Mp are polynomials of degree
deg(D)—2 with the coefficients from the Lie algebra g©. After trivialising the bundles
T*GE, the elements ® € T*Mp are determined by deg(D) values v; € g& such
that their sum is zero. The Legendre interpolation formula provides us with the

appropriate polynomial
deg(D)

O(z)= > (pi)- Lilz) (3.20)

i=1

where Li(2) = ([T;.(p; — p1))” [1;2(2 — pi). Denote ¢; = ([T, .(p; —pi) ™. A
polynomial of the form (3.20) is in general of degree deg(D) — 1. Since in our case it
is of degree deg(D) — 2, we get a condition

deg(D)
Z c;®
i=1
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which is just a rewriting of the one in (3.18). So the comparison of the expressions
(3.18) and (3.19) gives

—1
The multiplication by s = <H?iﬁ(D)(z — p1)> , as it was already mentioned in the

previous chapter, induces the isomorphism between H°(CP' ; K (D)) and the space
of meromorphic functions on CP! with degree one poles at the marked points p; € D.
Using this isomorphism, we can write

deg(D %
> g( )Adgi(vi)

Z_pl Z

= (z-p)

(3.21)

3.2.2

Next we will introduce the degenerated framed bundles over CP!. Since the construc-
tion is infinitesimal it makes sense for bundles over arbitrary Riemann surfaces, the-
refore we shall write C' instead of CP! in the definition and the proposition bellow.

Let p; and py be two points in D. A framing of a bundle P — C at p can be
thought of as a O-jet of a trivialisation of P at p € C'. When the points p; and p,
coalesce, two 0-jets give rise to a 1-jet of a trivialisation of P — C' at p; = py. If we
let coalesce a set of (k + 1) points the framings at those points will degenerate into
one k-jet of a trivialisation at the point where the (k + 1) points gether.

Definition 11 Let P — C be a principal bundle and D € C' a positive divisor with
elements whose degrees may exceed 1. A degenerated framing on P — C over D
is a choice of k;-jets of trivialisations at the points p; € supp(D) and where k; =
deg(p;) — 1. A k-jet of a trivialisation is called a k-framing of P — C at a point p of
degree k + 1.

Here we will deal only with degenerated framed bundles with 1-framings.

Proposition 25 Let P — C be a principal G®-bundle and let p € C be a point of
degree two. Then the 1-framings at p are parametrised by TGE.

Proof: Let ¢ and s be two 1-framings of 7 : P — C' at p, and let
01, P2 Py — U xG©

be two local trivialisations such that their 1-jets are ¢; and 5 respectively. Denote by
pt € P, the point for which ¢y (pt) = (7(pt) , e) € U x GT. Then py(pt) = (n(pt) , 9)
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for some element g € GC, so the O-jet parts of 1-framings ¢; and ¢, differ by an
element g € G. It remains to compare the first derivatives. For a € Pyand i =1,2
we have

vi(a) = ((a) , pi(a))

where p; : Py — GC is a G%-equivariant map. Clearly it is enough to compare the
derivatives dp; and dp;, and because of G®-equivariance we can restrict ourselves to
the linear maps (dp1 ), and (dps),e. The target spaces of these maps are different, so

we will look at dL, o (dp1)yt = (dp1)pe. Abusing the notation, we will write simply
(dpy)pe instead of (dp1)pt-

Let vp € TP and v, € T,G® denote the vectors £|_o(exp(tv) - pt) and d(Lgy)v
respectively, where v € g©. Then

(dp1)pi(vp) = (dp2)p(vp) = v (3.22)

for every v € g&. Every vector u € T, P can be expressed as u = (vy(u))p + 1 (u)k;
and u = (v2(u))p + c2(u)ka, where ky € ker(dpy),: and ke € ker(dps),: and ¢;(u) are
constants. Once we fix k; and ks these expressions of v are unique. From 3.22 we get

(dpi)pe(u) = (vi(w)), 1=1,2.

We will show that the difference ((dp1)p— (dp2)pt) (w) is a scalar multiple of an element
V(ky) € T,G®, and this element is independent of u € T, P.

We express ks in the form ky = (v(k2))p + aky. Then

u = (va(u))p + calu)ky
= (va(u))p + ca(u)(v(k2))p + aky)

So (v2(w))p — (v1(w)) p = c2(u)(v(ks)) p, and therefore

((dp1)pr = (dp2)pi)(u) = ca(u)(v(ks)), -

So we can conclude that the maps dp;, dp, and therefore 1-framings ¢ and @1, 2
differ by an element (g , v(k2),) € T,G* C TG®. O

Remark 7 Above considerations can be recast in a different terminology. Let ¢ be a
I-framing of P — C at p € C and let p : Pjy — G© be as above. Then ker(dp),, C
T Pis a GC-equivariant distribution of horizontal subspaces in TP along the fibre P,.
There is a uniquely defined 1-form Q = p~'dp on P, such that ker(dp), = ker{.
This form can be thought of as a 0-jet of a flat connection on P at the point p € C.
A Ek-framing at p would then correspond to a choice of a usual framing at p together
with a choice of a (k — 1)-jet of a flat connection at p.
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Now we return to the moduli spaces of framed structures on CP!. We will only
be interested in the case where the divisor D? consists of two double points. From
proposition 25 and the theorem of Grothendieck we immediately see that the moduli
space of holomorphic structures on the trivial G®-bundle P — CP' with 1-framings
over the divisor D is equal to

Mpe = (TGC x TG®)/GE .

Trivializing from the left gives us Mp« = ((G€ x g%) x (G© x g%))/GC. Since G acts
diagonally on (G® x G®) and trivially on the copies of g&, we finally get

Mpa 2 gt x (GEx GY)/GE x g©.

We will obtain the form of the elements in the space 7% M pa easily from 3.21. First
put ps = p; + € and define

3p) = (- p)o— 1)) -2

Then a calculation gives

Bp+e)  Bp)
(z —ZZp—i—e) oz —pp>

®(p:) +(%515)(p1)

lim 01(I>(p1)+02(1)(p2) = lim1 5
(z —p1) (z —p1)

p2—>p1< Z—D Z — P2 ) e—0 €

p=p1

We proceed in the same way to calculate the limit p3 — ps. Renaming

B1(p) = (p— pa) B(p),  Pa(p) = (p— p1) *D(p)

we then finally get the following expression for the elements deT*M Dd:

Bi(p)  (EP)D)  (EP)(p1)  Dy(p)
Cop)?  G=p) | G—p) | (e—p)?

d(z) =

To get the element ® € Ty Mpa = H°(CP'; ad(P)® K (D)) we have to multiply

d by r = (2 — p1)?(z — ps)?. Since the coefficient at z® of the resulting polynomial

must be zero, we get :
d ~ d ~

(d—pq’l)(m) = —(d—p%)(m)-

So the condition Y27, ®(p1) = 0 degenerates into the condition (%:151)(171) =

—(dipzlv)g)(m), while the other two terms in the expression of ® are arbitrary. Summa-
rizing what was told above gives us the proof of the following proposition.
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Proposition 26 Let T*Mp be the cotangent bundle of the moduli space of framed
G- principal bundles over CP, and let deg(D) = 4. If we divide the four points of D
into two pairs and let the points in the pairs coalesce, then the degenerate cotangent
bundle will be of the form

T* Mpa = T* (TGC x TGC) JGE = T* (gC x (GE€ x GC)/GE x g‘c).

The elements of this cotangent bundle can be represented in the form

S Byp) ER)) (EP)(P1)  By(py)
R s Ly Py iy Py sy L (g

Y

where (dipzlv)l)(pl) = —(dip(ig)(p4). More explicitly, the elements in T(’;h[gthLOQ)MDd
can be written in the form
&\)(2) _ Ady (o) N Ady (v) N Ady, (u) N Ady ()

(z=m)? (z—m) (2—p1) (2—ps)?¥

where Ad; (v) = —Ad;, (u).

3.2.3
In this subsection we are treating the Nahm'’s system

|

T; + 3 Zﬁi,g‘,k[Tjjk] =0 1=123 (3.23)
in which the maps 7} take values in the complex semi-simple Lie algebra g€. We
will interpret this system in two ways, exhibiting that it can yield motions on two

different spaces: on the moduli space M pa on the one hand and on the homogeneous
space (GE x G%)/GC on the other.

Motion on M pa

Define new functions

a = (T2+ZT3> :[—>g(c
v o= (Th—iT3) 1 —g° (3.24)

6 = =2iT; I — g©



96 CHAPTER 3. NAHM’S EQUATIONS ...

The system 3.23 is then equivalent to the system

@ = 3[8,a]

yo= 506,

. (3.25)
ﬁ = [770‘}
_B = [O@’ﬂ

(The reason for this redundant writing will become apparent below.)

The equation 3.25 can be interpreted as an equation for a path

~ ) B(t) —B(t) ()
= o T =) T G=p)  G—mP

I — T*MDd.

The system (3.25) can be expressed more economically. Represent the element d as
a polynomial, i.e. multiply it by » = (z — p1)*(z — p2)? and then send the point p;
into 0 and the point py into oo € CP!. (All the configurations of two points on CP!
are equivalent under the M&bius transformations .) The element ® will then assume
the form

O =a+ 20+ 22y,

and the system 3.25 is then equivalent to the Lax equation

b, = %[%(@)t , cbt} . (3.26)

Motion on (G x G€)/GE

The system (3.25) can be given essentially the same variational interpretation as
the Nahm’s system. The complexification of g© is g© x gTC, likewise (G©)¢ = G© x G°C.
The subgroup

Gr = {(9.9):9 € G°} C (G° x GF)

is the real form, corresponding to the real structure 7(g1, g2) = (g2,91). The homo-
geneous space (G€ x G)/GE consists of classes represented by elements of the form
(9,971). On the Lie algebra level the real form is g& = {(v,v); v € g%} and its
”imaginary” complement jg©,. = {(v, —v); v € g}. Denoting

A = (,7) = (Ty,Ty) + (iT3, —iT3) : I — (g©)°

B = (8,-8) = (—2T},2T7) 1 — (g%)°
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the equations 3.25 become '
A = [B.A
B

— [H(A) Al (3.27)

The equations 3.27 are analogous to the equations (3.6) and (3.7) from subsection
3.1.2, the only difference being that the system above is written in the gauge corres-
ponding to the one where Ty = 0 for the usual form of Nahm’s equations. From the
first equation in (3.27) we get

‘A = Ad(91792)(a0770)
B = (191", 029,") = (gr ' —ror ') -

Then, as we have seen in 3.1.2

h(t) = (91, 92) - 7(91,92) " = (9195, (91951)‘1> 1 — (G° x G°)/GE,

satisfying the second equation in 3.27 is a solution of the variational problem
L(h e Vio(h))d 3.28
() /0 <2H H(Cv*(CxG(C)/Gj?Jr (h)) (3.28)

on the homogeneous space (G x E) /GE, which is isomorphic to the complex group
GC. The metric in the above action is given by the scalar product

<(a’7 —CL), (b7 _b)> = IC((CL, —(l), (b - b)) = IC((I, _b) + K(_b7 (I) = —QIC(CL, b)
where K is the Killing form on the group G, and the potential Vj,(h) by
Vo (h) = Viar,an) (9192, 9201 1)) =

K(Adw(Bo), =7(B)) = K((Ady, -1 (1), Ady, 1 (02)) , (=0, —an)) .

We now bring the two motions described together. In order to provide the common
ground for the two constructions, we have to turn the Lagrangian

L2
£(h) :/0 (§HhH(GCxGC)/G$ + Vi ()t

in an appropriate Hamiltonian using the Legendre transformation. But in our case
the phase space in the Hamiltonian setting is just the cotangent bundle of the confi-
guration space, and the force potential is dependent uniquely on the position, so
the Legendre transformation is of the simplest and the most usual kind, giving the
Hamiltonian

1 .
H=—[hl? ¢ =c o~ Valh
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which is the total energy of our moving particle.

In addition, we replace the usual complexification (G%)® = G x G by the
product G® x G. The involution 7(g1, g2) = (go, g1) Will then not be a real structure
anymore but a holomorphic involution. Nevertheless it is obvious that all the above
considerations can be rewritten in terms of G¢ x G® rather than G® x G®. The
equations 3.27 then represent the motion on G¢ x G® given by the Hamiltonian

_ L. 2
H = §HhH(GC><G(C)/G$ - VB()(h) :

Recall proposition 26, where T* M pa was represented in the form
T Mpa = T*((GC x G€)/GC) x (g€ x gC)) .

Denote by [g1, g2] the elements of (G€ x G©)/GE and by (ay, az) those of (g€ x g©).
Using these coordinates we can write

(1)([91792]7(0417042)) € T(*[gl,gﬂa(alyaz))MDd :

Define the square [g;, g2]*> € (G® x G)/GY) to be the class containing the element
(91,92)  7(91,92) ™" = (9195 ", 9297 ") Let

7 T"Mpa — T*((G(C X GC)/GCT)

be the obvious projection. Then the straightforward inspection of the above two
interpretations of the Nahm’s system gives the proof of the following proposition.

Proposition 27 Let (T*(G® x G©)/GS, wean, H) be the Hamiltonian system corres-
ponding to the variational problem

L 1.
) = | G| Vo ()t
0= [ G oo, e * Vil
via the Legendre transformation. Then the path
27 (i1 (1.9 (0)? . (@1.02)) + L — T(GT x G%) /Gy

1s a solution of this system if and only if </I\>t 2 I — T* Mpa is a solution of the system

(3.25).
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3.3 Integrability

We are going to exploit the embedding established above of the systems given by the
Lagrangians L£(h) into the cotangent bundle T* M ps. We have seen in the second
chapter that the spaces T*Mp “contain” natural integrable Hamiltonian systems. It
will turn out that the systems given by L(h) are closely related to them.

3.3.1

In subsection 3.2.3 we have expressed the Nahm’s equations in many ways. Here we
are going to use the rewriting in the form of the Lax equation, which arises when the
marked points p; and p, assume the antipodal values 0 and oo in CP!.

. d
$u(z) = |(-20)()  u(2)] (3.29)
Fixing an arbitrary point z, € CP!, the Lax equation tells us that at every t € I
the vector ®;(z) lies in the tangent space of the adjoint orbit Og(.,) C g® at the
point ®(zg) of that orbit. So the solutions of the equation (3.29) are of the form

®4(2) = Ady(r)(Po(2))

for some path g(t) : I — G. Therefore, for any Adgc-invariant function ¢ the value
q(®:(z)) will depend only on the initial condition ®¢(z), and we can proceed in the
same way as in the previous chapter.

Choose a basis {qi,...,q.} of the invariant polynomials of g© whose respective
degrees are d;, and define the map

H:T"Mp. — @ H(CP'; K(D)™) (3.30)
i=1
by the formula H(®) = (¢1(®), ..., ¢ (P)). Clearly the mapping H is constant along
the solutions of the equation (3.29). Taking into account that deg(D) = 4 and
deg(K) = —2 we get

éH”(CPl; K(D)%) = é}HO(CIPﬂ; 0(2)%) = é}HO(CP% 0(2d,)) ,

so the dimension of the above vector space is d = >_._,(2d; + 1) = dim(g®) + 2r.

Let the marked points assume again a generic position , and suppose, that EI\Dt
solves the first two equations of (3.25). Such cotangents lie in the subspace of T* M pa
consisting of the elements of the form

~ Ad* (« gt oo L Ad* («
B(2) = o 13 L 99 gyt Adg 22
(z—p1) (z=p1) (z—p2) (2—p2)
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for constant ay, ay. This allows us to define the mapping H on the subspace T*(G® x
G®)/GS of T* M pa by:

H([g1, 2], (G197, Gog3 1)) = H(P(2)). (3.31)

This mapping is well defined. Any representative of the class ([g1, 2], (G197 ", G295 )
is of the form

(l991. 992 (Ady (197", Ady (5297 1)) -

Because of the Ad-invariance of H, the mapping H is independent of the choice of
the representative.

Choose a basis {e'} of the dual space (@;_, H°(CP'; O(2d;)))" and define the
functions
H; : T*(G® x G%)/G¢ — C
by the formula R
Hi([91,95] » (G197, 6295")) = (H(®) , €'). (3.32)
These functions are constant along the solutions of (3. 29) Elements of the spaces
HY(CP*; O(2d;)) from the direct sum @;_, H°(CP'; O(2d;)) are polynomials of degree
2d;, so one natural way of choosing the components of the mapping H is to take the
coeflicients of these polynomials. Let again p; = 0 and py = oo. After multiplying
by r = (z — p1)2(z — p2)?, ® becomes P(z) = Ady, (o) + 2(gigy ") + 22Ad,, (o) and
H(®) = (1(®),...,q(®)) can be expanded into polynomials

Z [ S SYCTREIRESE (3.33)

Then we quickly see that 2r components of the mapping H are trivial, since they are
constant functions on T*(G® x G®)/GE. Let ¢; be an invariant polynomial. Denote
by ¢ the constant term of ¢;(®(z)). We have

i = ¢:(®(0)) = ¢:((Ady, (1)) = gi(an) .
Denote now by ¢; o the highest term of the polynomial ¢;(®(z). Here we get

Gioo = Gi(limaoe(1/2%) @ (2)) = 4i((Ady,(a2)) = gia).
In terms of 3.36 we have
Hyio1 54, (®) = gi(on)
and
szi+z;;;ll(2dk+1)(¢)) = gi(az) -
So the number of non-trivial (non-constant) functions H; on T*(G® x G®)/G¢ is

S (2d; + 1) — 2r = n = dimG®. In the sequel we will reindex the system {H;} so
that the first n functions will be the non-trivial ones.



3.3. INTEGRABILITY 101

Theorem 7 Let T*(G® x G©)/GE be the cotangent bundle over the homogeneous
space (G€ x G©)/GE = G, let wea, be the natural symplectic form on this cotangent
bundle, and let the Hamiltonian function H be given by

Lo 1 4. = _ _
H = 5112010120202 e e e = Viewan (9192 0207

where Via, a0 (9195 9297 ) = IE(Ad(glgglhngl—l)(Oél,OéQ) , (—ag,—aq)). Then the Ha-
maltonian system

(T(GE X GO)/GE , wean , H)

T

is integrable in the Liouville sense. The functions H; defined in (3.32) are a set of n
Poisson-commuting functionally independent integrals of our system.

Proof: First we show that the Hamiltonian H is contained in the set of integrals
H;, i =1,...,n. The Lie algebra g° is semi-simple, so there will be no linear Ad-
invariant polynomial. For the quadratic invariant polynomial we can simply take
¢@(a) = K(a,a), where K is the Killing form. Keeping in mind that ¢,9;" = ¢2g5 ',
we get for the 22 coefficient of K(®,®) the following expression.

K(gigit, —gigr ") + 2K (Ady, an, Adg,a) = —K (197", digr ') + 2K (an, Ad, 1 ) =

97 92

oo 1 0. —1y2
5“(29191 520005 )1+ K(Ad(glgz_l,gzgl_l)(ahaz) , (—ag, —aq))
This is precisely the Hamiltonian H of our problem.

Next we are going to show that these integrals Poisson-commute. Let H be as
defined in (3.30). From its definition (3.32) we see that every H; is a restriction of a
function

H, e): T*Mpa — C,
to the subspace where the coordinates (aq, ag) are fixed. We are going to define an

extension H; of H; on the whole space T* M pa in the following manner. The space
T* M pa can be split into two factors:

T* Mpa = (T*(GE x G€)/GE) x (T*(g€ x g©)). (3.34)

With respect to this factorization and after trivializing, the elements of T* M ps can
be represented in the form

(o) s (g s (st) (A1 A2)) )

Abbreviate the above expression by writing it as (t1, ta, t3, t4, [g1, 92|, A1, A2).
Let then ]?Il be given by the formula

~ de ) * *
H;(t,ta, 3, [g1, g2, A, A2) = (H , e")(t1, 2, Ad}, (1), Ad, (2), [91, g2), a1, va)
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= Hi([g1, 93], (t1,12))

where a7 and «s are fixed. It is easily seen that the functions PAIZ do Poisson-
commute on T*Mpa. As we have seen, T* M pa is the symplectic quotient of the
space T*(TG‘C x TG®) with respect to the action of G©. Trivializing T*(TG® x TG®)
we get @ ,(6%)* ® (g€ x G x G€ x ¢®). The functions H; descend from the
Adgec-invariant functions F; on T*(TG® x TGC). In the trivialization the functions
F; depend only on the variables in (®%_,g%)*, and therefore they Poisson-commute.
The induced functions ﬁl on T* M pa then also commute.

Denote the symplectic form on the first factor of the space (3.34) by ween and the
one on the second factor by wy. Then with respect to the (3.34) we obviously have
W = Wean + W1, where w is the symplectic form on T* M pa. Of course, the same is
true for the Poisson brackets. So we have

{ﬁz‘, f/‘\[g} = {ﬁw ﬁj}can + {ﬁw E’jh =0.

In our case the coordinates (aq, ag) are fixed, so we have {]?IZ, ﬁj}l = 0, and therefore
finally A
{Hia Hj}can = {Hza Hj}can =0 5

as claimed.

It remains to prove the functional independence of our integrals H; i.e. of the
components of the mapping

H : T(G® x G%)/GF — @ H(CPY; 0(2d;) .

=1

The most suitable and geometrically suggestive way of doing this is by use of spectral
curve. For the case where G® = SL(n : C), this is done in proposition 29. However,
this approach runs into difficulties when G is not a classical group. Here we give a
different proof, based on the approach of Miscenko and Fomenko in [Mi-Fo|, which
works for arbitrary semisimple G©.

Functional independece of integrals { H;} means that generically dHy A...AdH,, #
0, which in turn is equivalent to the map

dHg : To(T*(GExGC)/GF) — Tye @HO CP'; O @HO (CP'; O(2d;)),

having rank n for a generic ®. We will show that already the restriction of dHg to the
vertical subspace T*(G® x G®)/GS C Ty (T*(G® x G)/GY) has rank n for a generic
choice of ¢ .
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In [Mi-Fo] the autors study Poisson-commuting functions on complex coadjoint
orbits O C (g©)*. Let x € O€ and let o € (g°)* be a fixed element and let

d;

gz +z0) =Y fil(z)-2

j=1

where ¢; is an Ad*-invariant function and z is an indeterminate. Denote by df%’ the
derivative of f%7 with respect to x. While proving theorem 4.2 of [Mi-Fo] the authors
establish the following fact.

Lemma 9 (Miscenko, Fomenko) Letb = (dimgC+rankg®)/2. Then 1-forms dfi7,
fori=1,....,randj=0,...,d;—1 span a b-dimensional subspace of g* for a generic
choice of x and «.

Recall that our system of integrals { H;} is obtaianed by expanding the functions
Gi(®(2)) = qi(a + 28 + 2*7)
with respect to z. Clearly we get the same (reindexed) system if we expand

d;

(@) = aat G+ = D Ha,67) .

i=—d;

Let dH"7 denote the derivatives of H"/(c, 3,v) with respect to 4. We will use lemma
9 to prove that dH" span (g©)*. This is clearly equivalent to the map

dH : T3 (G® x G°)GY — @ rH"(CPY; 0(2d;)

i=1
having rank n = dimg®.

Let now w be another indeterminate and let
1
U(z,w) = Ea—l—ﬁ%—zv :

Then ®(z) = ¥(z, 2). For every Ad*-invariant ¢; we have

and
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and further

a:(¥(z,w)) = Z_:(Z h{,k'w*k)~zj (3.35)
¢(V(z,w)) = d_ (di_j hf’j'zk>w*j. (3.36)

Since ¥(z,00) = 4 2y and ¥(0,w) = [ + %oz, lemma 9 tells us that the forms
dh?; span a b-dimensional subspace Eg) C (g%)* and the forms dh!; span another
b-dimensional subspace F{3,). For a generic choice of a, 3,7 the spaces E3,) and

F{3,s) intersect transversally. The r-dimensional intersection is spanned by dh?,0 From
¢(V(z,2)) = ¢;(P(2)) and from 3.36 we get

di—j

dHY = > " dhf;? for j <0 (3.37)
k=0
di—j

dHY = Y dhf,; for j>0 (3.38)
k=0

where ¢;(®(z)) = ¢ g HY -2

e

Let 7 be the real structure of g€, corresponding to the compact real form, and let,
as usual, K denote the Killing form on g€ Then o — K(a, 7(«)) defines a norm || - ||
on g© and it also induces one on (g©)*. The forms dhf; are polynomial functions of

(ar, B,7) € ((g%)*)°. More precisely, components of o occur in dhf; with the power
7, those of v with the power k, and the components of § have the power d; — j — k.
Therefore in each sum in 3.38 the first summand has the highest degree in 5. (In all
other summands [ occurs with degree at least two less than in the first one.) From
this we see

dH" dhjo
hrn —_— = ”L‘, fOI' ) < O
I8ll—o0 ||[dHb || [dhi ol 7=
dH dh? .
lim —— = —2 for j>0.
8= [|dH || ldh3;l /

Therefore for a large enough 3 the forms dH®/ span the same space as the forms
{dhf}o , dh{;}, that is the whole (g%)* for a generic choice of (a,/3,7). Choose a
basis in (g%)* and n 1-forms dH® that span (g°)*. Compose an n x n matrix having
dH" as columns and denote its determinant by F(«, 3,7). Then F is a polynomial
function of (a, 3,7) which is different from zero on an open set in ((g€)*)* as we have
seen above. Therefore it is different from zero for a generic choice of («, 3, 7). a
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3.4 Constraints

We have seen in proposition 24 that the functions in Nahm’s equations describing the
motion on a symmetric space G/U, are subject to the conditions:

T,T5: I — i

. I— u (3.39)
Previously in the text we have shown the existence of n Poisson-commuting inte-
grals of motion for the Hamiltonian system (T*G(C , Wean , H). When we reduce
the system to the symplectic sub-manifold 7%(G/U), the number of the independent
integrals should decrease by the right amount. More precisely, some of the integrals
should become trivial, i.e. constant on the whole subspace T*(G/U), turning into
the constraints of the system. Of course, there is no reason to expect that some
subset of the integrals H; defined by 3.32 should provide such constraints, but certain
functions Fj(H,...,H,) will. In this subsection we are going to construct the ap-
propriate number of independent constraints F;(Hq, ..., H,). Obviously, the number
of constraints will be equal to the dimension dim U of the subgroup U.

At the end we describe the spectral curve S of our system. The constraints
obtained in subsections 3.4.1 and 3.4.2 have a natural description in terms of the
linear system |S| of the curve S.

3.4.1

At the begining we are going to relax the condition 3.39 somewhat to demand

Ty, Ts: I — pC©
i 10

corresponding to the complexified direct sum decomposition
g€ = uC @ pC

of the Lie algebra into a sub-algebra and the tangent space of a symmetric space at
the point corresponding to id € G©.

Recall that the section ® € HY(CP!; g* ® O(2)) satisfying the Lax equation 3.26
is of the form
®(2) = (T + iT3) — 2(20Ty) + 2*(Tp — iT3)

which can be rewritten as

®(2) = (1 + 22T + (T — 22T; — 2*T3) . (3.41)
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So, if the functions T;,7 = 1, 2, 3 satisfy the conditions 3.40, we have
P(zg) € p©

for zg = =44, and this circumstance will be the source of the sought for constraints
F;(Hy,...H,).

Let by denote the maximal Abelian subspace in p€ and let h C g© be the Cartan
sub-algebra of the form

f]:bu@f)pa

introduced in subsection 3.1.1. Let ® € g© be an arbitrary element and Og its adjoint
orbit. Then, as is well known, the intersection Og N is non-empty, or more precisely,

O@ﬂh:W'.T,

where W -x denotes the orbit of an element x € OgNh with respect to the Weyl group
action on h. In the sequel we will need the following proposition which describes a
special occurrence of the above mentioned general situation.

Lemma 10 Let g© = u® @ p® be a Cartan decomposition of g© and let ®, lie in the
subspace p©. Then the intersection Og, N b lies in the subspace bp C b, or more
precisely

Oq>p N [) = Wp T,
where Wy 1s the subgroup of W defined in definition 10, and x € Og, NY is arbitrary.

Proof: First we show that the intersection Og, N By is non-empty. We are going
to prove the statement for the compact real form g of g©, but that will imply the
validity of the complex case. By an abuse of notation, we will denote the intersection
bp Mg simply by bp in this proof.

Let ®, € p C g. Take an element y € bp, such that its centraliser within p is bp-
Define the function
f: ng — R

on the Ady-orbit of @, by
f(Adu(I)p) = ’C<Aduq)p ;Y)-

Since ng is compact, the function f assumes a minimum at a point, say Ad,,®, = ®,,.
That means that for every A € u we have

d /
E|t:O’C(Adexp(t)\)q)p ) y) =0. (342)
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This implies

,C(P‘v (I);] ) y) = IC(A ) [Q);,y]) =0
for every A € u. Since @, , y € p, we have [®, y| € u, and so from 3.42, [®],y] € u =0,
since the restriction of K on u is non-degenerate. Now, because of the maximality of
bp and the choice of y, we finally get @, € bp. Recall that the group Wy is generated
by the reflections s, associated to the roots a € Ap i.e., those which do not identically
vanish on the subspace bp C b. Suppose o € A1\ Ap. Then

So(r)=2—-2(a, z)-a" ==z

for every = € bp, since (av, ) = 0 in this case. From this it is clear that the W-orbit
of @, is actually the Wy-orbit, which proves the lemma. O

Recall now that we constructed the integrals H; of the system (T*G®, wean, H) by

d;
6 (®(2)) = Z H(j+2;;11(2dk+1) -2 (3.43)
=0

where {q1,...q,} is a basis of the ring I of the polynomial invariants on g€. By

{¢V,..., ¢V} we are going to denote the basis of the W-invariant polynomials "V
on h corresponding to the basis {q, ..., ¢} via the Chevalley’s isomorphism, and by

{@",..., )"} a basis of the ring " of Wh-invariants on by.
We are going to divide the constraints F;(H;, ..., H,) into two subsets, the des-

cription of the first being obvious and that of the second one somewhat more com-
plicated.

The algebra of polynomials on a vector space V' can be identified by the symmetric
part S*(V*) of the graded tensor algebra T*(V*) on the space V* dual to V. Suppose
that V =V, @ V5. Then, for each degree d, we have the identity

d
Sd(V*) _ @Sdfaa/l*) ® S“(VQ*) .
a=0
Applying this to the space h = by @ by, we can write the polynomial ¢;"(X) =
¢V (X, + X,) in the form

di di

QZ/V(X> = ngi_a(Xp) hY(X,) = gdi(Xp) + ngi_a(Xp) R (Xy) -

a=0 a=1

If the u-component of X is equal to zero, that is if X = X, the above equation

assumes a simpler form
C]zW(Xp) = gdi(Xp) .
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Clearly, g% is an element of I "P in this case, and it can therefore be expressed as a
polynomial function of the elements {ql/v LU ,q,‘,/V ?} of our chosen basis of I P, But
we can actually be more definite about these polynomial functions, which can assume
a very simple form, provided we make a suitable choice of the basis [ "p.

In [Hu 1] the following two facts about the Poincare polynomials W (t) of the
reflection groups can be found:

(i) Let W be a group generated by a set of reflections of the vector space . Then
its Poincare polynomial can be written in the form

r

wio =115

. t
=1

where d.s are the degrees of the elements in a basis of W-invariant polynomials
on b.

(i) Let Wy be a subgroup of W generated by some subset of the reflections which
generate W. Then
W(t) = Wy(t) - We(t)
where Wy (t) is the Poincare polynomial of Wy and Wr(t) a suitable rational

function in t.

For the proof of the above facts see [Hu 1], pages 84 and 123. From (i) and (i) it

follows that
|
mp =11 t—1

i=1
where {d},...,d,} C{di,...,d.}. That means that the degrees of the Wp-invariants
are a subset of the degrees of W-invariants.

Consider now the mapping @ : h — /W defined by
QXy,.... X)) = (" (X1,.... X)) ..., ¢V (X1,.... X)) .

This is a surjective mapping from § to the space of W-orbits h/W. As we have
seen, the W-orbit of an element X € f)p is actually a Wy-orbit and therefore the
restriction /by is a surjective map from by on the space of Wy-orbits by /Wp. Let
the coordinates (Xi, ..., X,) of h be arranged so that (X, ..., X,) span the subspace
bp C b, and consider the Jacobian matrix

dq}"  oq}¥ dq}”
0X1 0Xo e 0X,
93" 9y 9q3”
J = 0X1 0Xy 70X, (344)
og g% g%

0X1 0X> Tt 0X»
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of the mapping (. After permuting the rows in the way, where for i = 1,...p
the polynomial ¢}" will have the degree d;, and when evaluated at the points with
Xpe1 = ... = X, = 0, the principal (p x p)-minor of J will become the Jacobian
matrix of the restriction Q/w,,. Because of the surjectivity of @ /W this minor is

non-degenerate, so by the Jacobian criterion for algebraic independence proved in
[Hu 1], page 63, the polynomials ¢}'/ b gV by are algebraically independent.

Since they have the right degrees, they can be taken as a basis {qF/”, e ,qgv”} of the
ring [ " of Wy-invariants on by. By lemma 10 we have W - X, = Wy - X, for every
Xy € by, therefore it is clear that

@ (X,) =0 (3.45)

for every i = p,...,r and for every X, € bp-

Choose now a point in the intersection Og(,y N h for each z € CP! and denote it
by Xg(z). By the Chevalley isomorphism we have ¢;(®(z)) = ¢}" (Xs(2)) for every
i =1,...7. Recall the expression 3.41 giving ®(29) € p* for 2y = +i. From lemma
10 we then get

6i(®(20)) = 4;" (Xa(20)) = 9" (Xa(20))
for every ¢ = 1,...r, since by lemma 10 the element Xg(2p) lies in the subspace
bp C b. Putting the above expression in 3.45 we get

@ (Xo(2) =0 , i=p,...,7.
This, together with 3.43, finally gives

d;

=0

providing us with the first subset of constraints announced above.

We are going to describe the second subset of constraints using some facts about
the Jacobian determinant J = detJ of the map @ : h — h/W = C". Let ®(z) €
HO(CP'; g°®0(2)) be a solution of the Lax equation 3.26. Let WxH°(CP'; hoO(2))
be the space of objects X, such that &, is the W-orbit of X (z) for some element X €
H°(CP';h ® O(2)) Let Xp € W« H°(CP'; h @ O(2)) be such that Xo = Og(.) N h for
every z € CP'. Since J(Xj,)) = J(Xfl;(z)) for every pair of branches X, Xé(z), we
get a well defined element J(Xp) € HY(CP'; O(m)), where m = dim(g®) — rank(g®).

Later in the text we shall prove that the section J(Xp) € H°(CP'; O(m)) is an
invariant of motion given by Lax equation. We will show this by proving that J(Xs)
is the discriminant of the spectral curve associated with the Lax equation.
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Let z, = #+¢. For our purposes it will be convenient to write the polynomial
J(X3(2)) in the form

m

J(Xp(2) = [ [06 = (2 = 20)) - (3.47)

i=1
It is clear from the above lemma that the functions x; fori = 1,...,m are independent
invariants of our motion. We are going to compare the above expression with the well-
known factorization of the Jacobian of W-invariants

JX) =[] %), (3.48)

where )\, denotes a polynomial of degree 1 given by the formula
Aa(X) =(X, a).

Evidently we have A_, = —\,. The zero sets of these polynomials are the hyper-
planes H, = {X € b; (X , a) = 0}. Note that H, are the mirrors of the respective
reflections s,. For the proof of 3.48 see e.g. [Hu 1] or [He 2]. Let © : h — b be the
involution having b, as the (+1)-eigenspace, and bp as the (—1)-eigenspace, i.e. the
restriction of the Cartan involutionan involution on . Denote by a® the element in
b* defined by a®(X) = a(©X), and let H,,,e C h be the hyper-space, which is the
zero set of the 1-form (o + ) € h*. Observe that if o € Ap vanishes identically on
by, then a® = —a and therefore (a+ 04@) =0.

Lemma 11 Let g = u® @ p® be a Cartan decomposition, and let
bh=by®by Cg"
be a Cartan sub-algebra, such that bp =HnN pC is a mazimal Abelian subspace in pC.

Then
hp - ( ﬂ Ha) N ( ﬂ Ha+a9) )

aeA+\Ap aEAS

p
where Aij denotes the subset of roots a € Ap, such that a“)u Z0.

Proof: Let first X € hy be an arbitrary element. Then for every a € AT\ Ap we
have («, X) = 0 and so by the definition X € H, Take any a € Aij. The definition

of a® gives
((a+a%),X) = (@, X) + (a,0X) = {a, (X +6X)) =0,
since obviously (X + ©X) = 0 for every X € hy. Hence we have X € H, e and
therefore
bp - ( ﬂ Hoé) ﬂ( ﬂ Ha-i—oz@) :

a€AT\Ay a€A]

p
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Let now X € b be an element with a non-zero hy-component X,. Since the
elements o € A span the space h*, there exists a root & € AT, such that (o, X,,) # 0.
This root can be either an element of A™\ Ay or of Aij. In the first case

<aaX> = <aaXu> 7& 0,
while in the second
((a+a®),X) =2(a, X,) #0.
This implies X ¢ (ﬂaeA+\Ap H,) N (ﬂaeAiJ H,,ne) and completes the proof of the
lemma. O

Let Ag denote the set Ap \ Aij. It is proved in [He 1], page 222, that —a® € Ap

whenever o € Ap. Note that a® = —a if a € Ag. All the roots from the set Aij

can be arranged into pairs a,a®, with a # o®. This allows us to decompose the

factorization 3.48 in the following way:

JX) = [T %C)-C II  Qerwe)X)-(I] AaX) . (349)

aeA*\Ap a€Al, ata® aEAY,

p’ p

Let now ®(z) be a solution of the Lax equation 3.26 and let Xp(z) € Op N h be
the section of h ® O(2) as above. Then each branch of Xg(zo) lies in by for zo = =+i.
From lemma 11 and using the expressions 3.47 and 3.49 we can deduce the following
two facts about the polynomial J(Xg(2))

(a)  Let A denote the number of roots lying in the set AT\ Ap. Then the point
2p is the zero of degree A of the polynomial J(X3(2)). Renumbering the factorization
J(Xs(2)) = [TX,(xi — (2 — 20)) if necessary, this gives us A constraints

xi=0 , i=1,... A. (3.50)

/

(b) Ttis clear from the definition (and also from lemma 11) that for every a € Ay
we have a|b = —a®|b , and therefore
p p

Aa(X,) = —Auo (X,) . (3.51)

Let Xg(z) be one branch of Xg(2). Then Xg(z) = X1 + (2 — 20) Xo + (2 — 20)2 X3,
where X, € hp, and we can write

)\Q(ch(Z)) = <)\a,X1> + (Z — Zo><>\a,X2> + (Z — 20)2<)\Q,X3> .
Taking a suitable indexation in the expression 3.47, we can write

Aa(Xa(2)) = (X(Nfz') — (2= 2)) - (X(Nf(z#l)) — (2= 2)),
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and thus x(nv—i) - X(v—(i+1)) = {(Aa; X1). Let B denote the number of roots lying in Aij.
In the same way (again taking care of the indices) we get X(nv—g)+i) - X(N-B)+it+1) =
(Aqe, X1). From 3.51 we then finally get

) 1
X(N—i) " X(N—(i+1)) = —X((N-B)+i) " X(N-B)+i+1)) , =1,3,..., 55 (3.52)

It is clear from the expression 3.49, that B is an even number.

Recall now lemma 8, where it was claimed

u€ = b, @ @ (g +g™%) & Z C(zq + O(2,))

AF\Ap aclp

This, together with the expressions 3.46, 3.50, and 3.52 applied to the cases 2y = ¢
and zy = —i, establishes the proof of the following proposition.

Proposition 28 Let T; : I — g%,i = 1,2,3 satisfy the Nahm’s equations

T, = Z&,j,k[Tj, 1]
and the additional conditions

Tl,Tgi I — p(c
TQI I — u(c'

Then there exist dime u® algebraically independent relations (constraints) among the
integrals H; defined by 3.32 . Explicitly, these constraints are given by the following
set of equations.

. d; -\ .

(Z) ijo(j:z)jH(]q_zz—:ll di) =0 s L=pP,..., T,

(i) xi=0 , i=1,.. A, e=1,2.

€ € o € € . 1 B
(Z“) X(N—z) ’ X(N—(i—l—l)) - _X((N—B)J,-i) ’ X((N_B)+i+1)) ) 1= 1737 SRR 58 ; €= 17 2

Here x§ are the invariants defined by the expression J(Xp(2)) = [Ty (X5 — (2 — 2¢)) ,
where z. = 1 and z. = —1i.

O

Remark 8 Clearly, the invariants x} and x? are not independent, but the relations
(i1) and (iit) by contrast are.
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3.4.2

In this subsection we are going to show what happens to the integrals of the “master
system” on G® when we reduce it to the system on the homogeneous space H=GC / G
where G is some real form of the complex group G. This, together with the results
obtained in the previous subsection will provide the full set of restrictions that one
has to impose on the integrals of the system on G to get those of the system on the
symmetric space M = G/U.

The system on H=GC / G corresponds to the Nahm’s equations for the functions
T; taking values in the real form g C g©. In this case the functions 3.24 will have the
form

« = (Ty+iT3) :1—g°
v=7() = (Tp—iT) 1 —g" (3.53)
B = 2Ty :I—g"

Where 7 is the real structure of G belonging to G .The solution of the first equation
of 3.27 will then be
A = Adg 7)) (o, T(a))

and therefore the solution of the corresponding variational problem will be of the
form

h(t) = (9,7(9) - 7((9,:7(9) " = (h,h™") : T — (G° x G%) /G,
Here h = gT(g)7t € H C GE (G€ x G%)/GT,. Let again p; = 0,py = oco. In this
case, the element ¢ appearing in the Lax equation 3.26 becomes

(2) = a+ 208+ 2*7(a).

In addition we have 7(3) = —3. Consider ® as an element in H°(CP; ad(P)®0(2)) =
HO(CPY; g @ K—1). Let
o:TCP! — TCP!

be the lifting of the antipodal map of CP! on its tangent bundle given by the formula

Define the involution ¥ on H°(CP';ad(P) @ O(2)) by X = [(T ® id) o o]. Then we
immediately see:
() = .

This allows us to construct an involution p on the space of Hamiltonians

@HO (CPY K @HO (CP;0(24,))
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which corresponds to X, in the sense that its fixed points will be the Hamiltonians of
the system, where ®, is a fixed point of X for every t € I. We will define p on the
summands H°(CP'; O(2d;)) of the space of Hamiltonians by

p(a:(®()) = 0;(2(2(2))).

The integrals of the system on H will be given by the fixed point set of p and will
therefore become real functions.

3.4.3

The constraints obtained in the previous two sections might seem somewhat obscure,
but nevertheless they do have a suggestive geometric description in terms of the
spectral curve. The discussion of the spectral curve demands a case by case approach
depending on the type of the Lie group involved, but the peculiarities stemming from
the particular Lie group involved do not show up in the description of the constraints.

We also compute the dimension of the linear system |S| of the spectral curve.
Here, as in the previous chapter we confine ourselves to the case G¢ = SL(n; C). The
treatment of the situations with other classical groups would again be a more or less
straightforward application of the results from [Hi 1].

First, we recall the definition of the spectral curve. We are going to start with the
spectral curve for the system (T*(G® x G®)/GS, wean, H). As in previous chapter, we
construct the ruled surface R = P(O(2)®C) and denote by O(2) — R the pull-back of
the bundle p : O(2) — CP! by the natural projection p. Let ® € H°(CP'; adP®O(2))
be an arbitrary section. For every symmetric polynomial g; of the Lie algebra g© we
get a holomorphic section ¢;(®) € H°(CP'; O(2d;)), where as before d; = deg(q;).
Use the projection p again to get the pull-backs ¢/ (®) € H°(R; (5(20[1))

Let w € HY(R; O(2)) be the tautological section and
Q=uw"+) w . g ()
i=1

an element in H°(R;O(2d,)). The spectral curve S(®) C R of the element ®
HO(CP'; adP ® O(2)) is the zero divisor of the section Q.

By a similar argument as in [Hi 1] it can be seen that the linear system of Q is
without base points, therefore by Bertini’s theorem S(®) is a smooth curve. It is a
d,-sheeted ramified covering of CP!.

Recall that ®,(2) : R — T* M pa is a solution of our variational problem if and only
if it is a solution of the Lax equation 3.29. As we have seen, ¢;(®:(2)) = ¢:(Po(z)) for



3.4. CONSTRAINTS 115

every solution ®;(z) of 3.29, so the section Q and the spectral curve S are invariants
of the system (T*Mpa,Wean, H), as was already observed in the previous chapter.
Denote by |S| the linear system of the curve S in the surface R, and define the
mapping
Q:T"M pd — |S |

by Q(®) = S(®). The components of this map are the integrals of our variational
system, and their relation to the previously described integrals is easily seen by using
the Vietta rules.

We are going to calculate the dimension dim|S|, using a method slightly different
from the one applied in subsection 2.4.1. The following simple lemma is central
to this subsection. Denote by J(®) the Jacobian determinant J(Xg) and let m =
dimg® — rankgC.

Lemma 12 The section J(®)? € HY(CP'; O(2m)) is the discriminant of the ramified
covering S(®) — CP'. This means that z € CP' is a zero of J(®)? if and only if
it is a ramification point of S(®) — CP'. Clearly all the zeros of J(®)? are at least
double.

Proof: In subsection 3.4.1 we have shown how to assign an element Xy € W %
H°(CP';h ® O(2)) to the element ® € T*Mpa. A point z € CP! is a zero of J(®) if
and only if one (and hence at least two) branches of Xy lies in H,(z), where H,(z) is
a wall of a Weyl chamber in the fibre (h ® O(2)),= . This can be seen immediately
from the factorization J(X) =[] cat Aa(X).

Let a € g€ be an arbitrary element. Then the set of the zeros of the polynomial
Q(w) = w™ + > w™ = . g;(a)
i=1

taken in some suitable order can be thought of as the coordinates of a point in C9.
This space contains the Cartan sub-algebra h = C" as a subspace, and the point
a actually lies in h C C%. The particular inclusion of § into C* depends on the
Lie algebra g© in question. In the case of si(n;C) we have h = {(as,...,a,) €
C™ ; > a; = 0}, in the case of s0(2n), h = {(a1,...,a2,) € C* ; a; = —a;11},
etc... In any case the point a lies in at least one of the walls H, C b if and only if
at least two of the coordinates (ai, ..., a4, ) are equal. This is so because in such a
case the point a always has a nontrivial stabiliser W, with respect to the action of
the Weyl group W on h. Using the Chevalley homomorphism, we can apply these
remarks to the zero divisor S(®) of the section Q@ € H°(R;O(2d,)).

Let 29 € CP! be a zero of J(®)?. What remains to be proved is that the order of
zero z is equal to the ramification number of the covering S(®) — CP! at z,. The
proof can be found in [Gr|, but we repeat it here for the sake of completeness.



116 CHAPTER 3. NAHM’S EQUATIONS ...

Let wi(2),...,wg(2) be k of the zeroes of Q € HY(R;O(2d,)) coalescing in the
point 2, and suppose they are labelled in such a way that they permute cyclically

when z encircles zy. Then we can choose a local coordinate ¢ around zy, such that
w; = eIk . (Vi We have

H(eﬂﬂ-i/kcl/k _ elZm’/kzcl/k) — const - (F1
j<l
Taking into account all the ramifications above the point zy, we see that the order of

vanishing of J(®)?(z) at 2o indeed coincides with the ramification number of S(®) at
this point.

The above lemma allows us to prove the following proposition.

Proposition 29 Let & € T*Mpa be an arbitrary element, S(P) its spectral curve

and O(2d,) = L — R the line bundle with the holomorphic section Q(&®) having S(®)
as the zero locus. Then

RY(R;L) =1+ 3-d, + dim(g®) — rank(g®) . (3.54)

Proof: Denote by L — R the line bundle O(2d,). Then S(®) is the zero locus of
the section Q@ € H°(R; L). Recall the version of the Riemann-Roch formula for the
linear system of a curve used in the previous chapter.

(L-L—L-Kg)

X(L) = X(Or) + =5

The formula 2.40 from subsection 2.4.1 gives x(Ox) = 1 in our case. Subtracting this
from the genus given by the adjunction formula

(L-L+L-Kg)

g(8(@)) =1+ ==L

we get
X(L) = g(5(®)) = L- Kr .

On the other hand, we can obtain the genus from the Riemann-Hurwitz formula
R
oS®)=1—d.+ 7

where R is the ramification index of the covering S(®) — CP'. The formula 2.42
gives L - Kr = —4 - d,, so we have

R
N(L) =1+3-d+ 5.
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From lemma 12 we get
X(L) =143-d, +dim(g®) — rank(g®) .
An application of the Kodaira vanishing theorem gives h°(R; L) = x(L), which com-
pletes the proof. O
In the case, where g = gl(n; C) 3.54, becomes

RY(R;L) =n®>+2n+1.

Suppose now that S is the spectral curve of a solution ®;(2) = ay + 23 + 2%y of
the Lax equation 3.29. Then S(®;) = S(®y). The points of S intersecting the fibres
O(2)g and O(2)s are the spectra of the elements g,y € g. Since ag and 7, are
the data of our variational problem, S lies in the linear subsystem in R consisting of
the curves having the values at 0 and oo fixed as described above. Taking sl(n;C)
as the structure group, restricts us further to the subsystem of codimension 1 whose
elements are the curves satisfying the condition

Z w; =0, forevery ze€ CP'.
w€S()NO(2)-

From this we finally get

Proposition 30 Let S be the spectral curve of the Lax equation

Bi(2) = [L0() , B3],

where ®y(z) : I — T*Mpa, and Mpa is the moduli space of the parabolic SL(n;C)-
bundles over CP! with two double marked points. Then we have

dim|S| = dim(sl(n;C)) =n* — 1,
where |S| denotes the linear subsystem consisting of the spectral curves of the above
Lax equation, and the dimensions are complex.
(I

The effect of the constraints from subsection 3.4.2 on the linear system |S| is quite
straightforward. Recall the involution

o: TCP' — TCP!

defined as the lifting of the antipodal map of the sphere to its tangent bundle. Using
o and a real structure 7 on g€, we defined the involution p by

p(qi(®(2))) = ¢:(3(P)) ,
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where ¥ = [(1 ® id) o o] : H(CP';adP ® O(2)) — H°(CP';adP ® O(2)). Let now
O =wh+>7 ¢ (®(2)) € H'(R;O(2d,)) with the zero divisor Sg and let Q= be
Q= = wh + Y7 w=%) p(q;(®))* with the zero divisor denoted by So_ This gives
the involution

=015 — |S], (3.55)

defined by Z(Sg) = Sgo.. The involution =, is a real structure on the the complex
space |S| depending on the real structure 7 on g©. The following claim is now obvious

Let ®; : I — T*Mpa be a solution of our variational system on the real homo-
geneous space H = G€/G. Then the corresponding spectral curve S(®) lies in the
fized-point set |S|z of the real structure =z : |S| — |S|, T being the real form of g©
corresponding to the real form'g C g©. The (real) coordinates of the point S(®) € |S|z
are the integrals of the motion.

Finally, we will interpret the constraints from subsection 3.4.1 in terms of the linear
system of the spectral curve, i.e. we will determine the linear subsystem |S|y; C |S|z C
|S| whose elements are the spectral curves corresponding to our variational problem
on the symmetric space M C H. The constraints from 3.4.1 involve the “shape” of
the spectral curve at the points 7, —i € CP! Since these two points are antipodal we
see from the above observations that the situation at one of the points determines
the situation at the other, allowing us to keep only one of them, say 7, in mind.

First, recall the point (i) of proposition 28. In a more compact form these
constraints are

q;(®(2)) =0
for j € Z, where Z is some set containing r — p indices, p being the rank of the

symmetric space M. The spectral curves satisfying these conditions are the zero
divisors of the sections

Qr =w™ + ) w" - (g;)"(®).
J¢T
Denote the resulting subsystem of |S|, by |S|z. The curves lying in |S|z can be
characterised as follows. Let s; denote the basic symmetric polynomial in d, variables
of degree d; = deg(q;). Let S be a spectral curve and let w(i);,j = 1,...,d, be the
points in the intersection S N T;CP! labelled in some arbitrary order. Then S € |S|7

if and only if
sj(w(i)y,...,w()e) =0, jeT. (3.56)

The point (i) of 28 is responsible for fixing a part of the ramification of the cove-
ring S — CP!. In lemma 12 we have seen that the section J(®)? is the discriminant
of the covering S(®) — CP!. Let S be the spectral curve of a variational system
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satisfying the condition (7i), 3.4.1. Then S is an element of the linear subsystem
|S|z C |S|; which consists of the ramified coverings S — CP! having a fixed ramifi-
cation of degree A over the point i € CP!. Recall that A is the number of the roots
a € AT which vanish identically on the subspace bp of our chosen Cartan sub-algebra

hcg”
The last set of constraints (%ii) in 3.4.1 has the form

X(N=i) " X(N=(@+1)) = —X({(N=B)) " X((N=B+i+1)) » (3-57)

where J(®(z)) = [[:-,(xi — (z — i)). Reindexing the zeroes if necessary, this gives
the comparison of pairs of factors with degree 2 in J(®(z)). It is clear from the point
(b) of the proof of proposition 3.4.1, that these factors are precisely those of the
form A\, (Xs), which in turn coincide with the ones appearing in the local expression
J(®(2)) = [Ticicjcq, (wi(z) —w(;(2)) of J(®(z)) as the discriminant of the covering
S(®) — CP! which was discussed in lemma 12. In short

O = (2 =9) - Xy = (2 = 1)) = Ao, (Xe) = (wi(2) — wi(2))

for a suitable choice if indices. Evaluating the above at z = ¢, we see from the
condition 3.57, that there are 358 quadruples of points (w;(i), ..., w(j;s)(i)) from the
intersection of S(®) with the fibre O(2);, such that (w;(i) — w(4+1)(7)) = (Wir2) (1) —
w(jt3)(i))-

We summarize the above in the following observation. Recall that A is the number
of the roots a € A™T\ Apc of the roots on h € g® vanishing identically on bp C b,

B is the number of the roots in the subset Ap/ C Ap, such that a # a®. The set T
is the subset of those indices i from {1,...,r} for which the invariant functions ¢!V
vanish on by C b.

Proposition 31 Let the Hamiltonian system (T*M,Wean, H) describe the motion of
a particle on the symmetric space M governed by the Hamiltonian

H = ||p||* + K(Ady(5), ) ,

and let S C R be the spectral curve of this system. The coordinates of the S in the
linear system |S| of the divisors equivalent to S in R form a redundant set of Poisson
commuting first integrals of our Hamiltonian system. The system |S| contains a
linear subsystem |S|y; with dim|S|y = dimM . This subsystem is determined by the
following data:

(a) Every element S € |S|ar is a fived point of the involution =5 : |S| — |S|, defined
m 3.55
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(b) Let (wy(i),...,wq (7)) be the points in the intersection S; = S N O(2);, and let
s; be the elementary symmetric functions with deg(s;) € Z. Then

Sj<w1(i)7"'awdr(i)):0 , forjeT.

(c) The ramified covering S — CP! has a fized (partial) ramification of degree A at
the point i € CP! .

(d) There are %B quadruples of points in S; satisfying the conditions of the form

(w; (i) — w1 (9) = (wiire) (i) — wiips) (@) -

3.5 Examples

The family of the Hamiltonian systems (T*M,weun, H), where M is an arbitrary
Riemannian symmetric space includes a vast variety of concrete examples of integrable
Hamiltonian systems. We are going to mention here only a few of them. The first
obvious application of our main result is the following proposition

Proposition 32 The geodesic motion on an arbitrary Riemannian symmetric space
15 a completely integrable Hamiltonian system in the Liouville sense.

Proof: Let M = G/U. We have shown that for every § € g, the Hamiltonian
system (T*M, wean, H), with

H = ||p|l3; + K(Ady(8).5)

is an integrable system. Putting § = 0 in the above expression sets the potential part
to zero and hence gives the Hamiltonian of the free particle on M, i.e. the geodesic
motion. O

This fact was already proved by Mischenko in [Mi] using a different approach.

Another example which follows immediately from theorem 7 is the following

Proposition 33 Let G be a real Lie group. Then the system (T*G, wean, H) describes
the motion of a particle G under the influence of the potential V (g) = IC(Ad,(5), B),
with B € g. This system is completely integrable.
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O

Let Ts be the stabiliser of 3 with respect to the coadjoint action of G on g*.
Then T acts on (TG, Wean, H), so we can form the symplectic quotient. Denoting
by p: T*G — tj; the corresponding moment map, we get the following corollary.

Corollary 2 The Hamiltonian system (T*Og, Wean, H) is completely integrable.

3.5.1

C. Neumann’s system

In this paragraph we will study the system that will justify the title of the present
chapter. Our symmetric space in this case is going to be the n-dimensional standard
sphere S™. We are going to establish the following fact:

Proposition 34 In the case where the Riemannian symmetric space M 1is the n-
dimensional sphere S = S™, our Hamiltonian system (T*M,wean, H) coincides with
the classical C. Neumann’s system describing the harmonic motion constrained to the
sphere.

Proof: The C. Neumann system is given by (T*R", wean, Hy ), where

Hn(q,p) = |plI* — (4q.q) ,

with the constraints
lgl*=1 , {g,p)=0.

Here A is a symmetric n x n-matrix . (Without the loss of generality we can assume
that A is a diagonal matrix.) This system was first described in [Ne], but it subse-
quently became quite a popular topic touched by many authors. (See e.g. [A-vM 1],
[Mo 1], [Mu] [Uh], and many others.)

First we describe the sphere S™ in terms of the involutions following the recipe
given in proposition 19. For every n we have S™ = SO(n + 1)/SO(n). Obviously
SO(n + 1)® = SO(n + 1;C). The two relevant real structures of SO(n + 1;C) are
then

r(h)=h, F(h)=JhJ,
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where J is the matrix of the form

~1 0 0
0 1 0
J= :
0 0 1

The involution & from proposition 19 is then given by &(h) = Jh~'J = JhTJ.
Applying proposition 19 to this situation we then get the following description: The
sphere S™ is isomorphic to the subspace S of the group SO(n + 1; C) consisting of all
the elements h of the form

Too —Toax1 —To2 --- —Ton

To,1 11 1,2 - Tin
h=1] To2 T1,2 To2 ... Tan

7ﬁO,n Tl,n r2,n s 7’n,n

Here all the numbers r; ; are real and the columns (or the rows) of the matrix h form
an orthonormal frame in the space R"*!,

In order to prove that the system (TS, weqn, H) is the C. Neumann system, it
is enough to show that the potential energy part V(h) = K(AdpBy,c(3)) of the
Hamiltonian H coincides with the function (Ax,x) defined on the sphere S™. The
kinetic parts of Hy and H are obviously the same.

Let 3 be a real matrix. Observe that h=* = AT = JhJ. Since on SO(n + 1;C)
the Killing form is given by K(z,y) = —Tr(x - y), we get

V(h) = K(AdyB,—JBJ) =Tr(h-3)?, (3.58)

where ' = (- J. Real matrices of dimension (n + 1) x (n+ 1) can be thought of as
vectors in the space R™D? The usual Euclidean scalar product (-,-) on ROD? g
given by o

(X,)V)=Tr(X-YT), (3.59)

where X = (g, ... up) € R™D* and u; 18 the i-th row of the matrix X. From this it is
clear that SO(n+1) ¢ SC+*~1 ¢ RO+D? gince Tr(X-XT) = Tr(X-X1) = (n+1)
for every X € SO(n+1). (The radius of our sphere is v/n + 1.) The space S described
above is a subspace of SO(n + 1), therefore we have § = §* ¢ §+1*~1 ¢ R(+1)*,
i.e. S lies in S™T°~1 as an equatorial sphere. Comparing 3.58 and 3.59, we get

V(h) = Tr(h- )2 = Tr(3'h8' - h) = (FhB', hT) . (3.60)

The mapping ho— ﬁ/ﬁlﬁ is of course linear and is self-adjoint with respect to the
Euclidean scalar product if an only if 47 = 3. Indeed:

(BhB3, k) = Tr(BhB - kT) = Tr(h- BT B) = (h, BTkAT) . (3.61)
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Now recall that hT = JhJ. Putting this into 3.60 will give

—_—

V(h) = (F'hB', ThJ) = (JBI)hB , BY,

—~—

since JT = J . Let B denote the matrix of the linear transformation h (JBJ)hG
From 3.61 we can then immediately conclude that the linear mapping

B: RO’ ROH1?
is self-adjoint, i.e. BT = B if 3 satisfies the conditions
JtT =3. (3.62)

The space S lies in the subspace of H' ¢ R(1)? consisting of the matrices « of the

form
o anpo a
a = ( _aT X) 3

where a = (agq, . ..ap,) and x is a symmetric n X n matrix. One can directly check
that B preserves the subspace H’. Let A = R(™*1) denote the smallest linear subspace
in H’ that contains the sphere § = S™. In other words A ={\-h; he S, X € R}.
Let

T H — A
be the projection orthogonal with respect to the scalar product (-,-). Since B is
symmetric, so is the composite map

B=roB:A— A.
For every h € A we have
(B'h,h) = (Bh,7Th) = (Bh,h) , (3.63)
which enables us to express the function 3.60 as a quadratic form
V(h) =Tr(h-3) = (B'h,h) (3.64)

on the space A = R™*D provided that the matrix 3 satisfies the conditions 3.62. O

The following remark is in place here. For any pair of integers (p,q) such that
p + g = n, the real Grassmanian G7(,q) (R) can be obtained as a homogeneous space
Gp.g) = SO(n)/SO(p) xSO(q). Following the procedure described in subsection 3.1.1,
we can represent G, ) as a fixed point set of the involutions ¢ : SO(n,C) — SO(n,C)
and 7 : SO(n,C) — SO(n,C). Here o(a) = 7(a™ '), and 7, T are the real structures of
SO(n, C) corresponding to the real forms SO(p, ¢) and SO(n) respectively. So we get
Gipg) C SO(n) € S™D*, From the discussion above it is clear that the Hamiltonian
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H of our general system (1M, weqn, H) for the case M = G, 4) is the restriction to
Gpg C S™+1? of the Hamiltonian

H(q,p) = |lplI> — (Bq. q)

defined on T*S"+Y°  giving the C. Neumann system on S™+tY°. Therefore we can
think of the system (7%G, ,, Wean, H) as of a special case of a C. Neumann system, sub-
ject to the additional constraints keeping the motion of the particle on the subspace
Gpg C S (n+1)?  Some of these constraints are precisely those described in subsection
3.4.1.
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The spherical pendulum

The spherical pendulum is a classical mechanical system describing the motion of
a particle confined to the sphere S? € R?® under the influence of the gravitational
force. Hence the phase space of this system is T7*S? where S? = {(q1,q2,¢3) €
R% ¢? 4+ g5 + ¢3 = 1} and the Hamiltonian is given by

H(q.p) = llpll* + g5 -

Periodic motions of this system were discovered already by Huygens. A detailed
treatment of the spherical pendulum was carried out by Duistermaat in [Du].

Recall proposition 33, describing the motions on the real semi-simple groups. Let
the group G be the group of rotations SO(3). There is an isometry

T : (s0(3),K) — (R%, (-,)),

where K is the Killing form on the Lie algebra so(3) and (-, -) the standard Euclidean
structure on R®. Let 8 € s0(3) correspond to the point ez = (0,0,1) under this
isometry. We are going to prove the following proposition.

Proposition 35 Let U(1)z C SO(3) be the stabiliser of 5 € so(3)*. Then the action
of U(1)g on T*SO(3) preserves the Hamiltonian H. Let u : T*SO(3) — iR be the

corresponding moment map. The reduced system (u=(0)/U(1)4, @, f[) is the spherical
pendulum.

Proof: Since SO(3)/U(1)s = S? and since u~*(0)/U(1)s = T*(SO(3)/U(1)s),
we see that the phase space of the reduced space is indeed T' *S2. What remains
to be shown is that the potential part V' of the reduced Hamiltonian H is equal to

V8p<Q) = (g3.

Under the isometry Z the adjoint action of SO(3) on so(3) translates into the
usual action of SO(3) as the rotations on R3. From this we see that the 2-sphere
{q= A(e3) € R* A € SO(3)} is precisely the quotient SO(3)/U(1)5. Moreover

K(AdA(B), B) = (Ales), e3) = (¢, e3) = g3,

which proves the proposition. O
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3.5.2

Motion on a sphere in a quartic potential and motions on projective spaces

First we are going to give a short description of the embeddings of the sphere S™
and the projective space RP" into the group SO(n + 1).

We have already seen that 5" = S C SO(n+1). From the description of S in the
previous subsection we see:

S = exp(p) ,

where p is the subspace of 50,41y consisting of the elements of the form

Oé_Oa
“\al 0

with a = (z1,...2,). The general form of h = exp(«a) is

cos ||al| Sin||a|| sin ||al|
£| af IIaH
b= ||a|| sinflal| 1 - g + ||au2 cosflall ... —iafE + faf cos llal
— i sm||a|| —§T2 4 L2 cogllall ... 1 — ﬁ+@cos||a||
llal lal " Tlall? llal> * llall?
It can then be seen (e.g. putting a = (z1,0...,0) in the above expression) that

h = exp(a) is an element of SO(n + 1) characterised by the following data. Let
er = (1,0,...,0)

(i) h(er) = (cos||all, far Sin l|all, ..., o sin ||lal|), i.e. h rotates the vector e; by the
angle ||a|| within the plane P spanned by e; and the vector (0, z1,...,z,).

(7) h fixes all the vectors orthogonal to the plane P

To every element h € § we can assign a reflection of the space R™*1) in a unique
way. Denote by X the vector h(e1) = (cos ||al, 2 sin [[al|, .. ., {#-sin ||a]|) € S™ and

let £ € O(n + 1) be the reflection of R™*Y through the hyper-plane orthogonal to
the vector X. The reflection k is given by the formula

ky) =y —2(X,y)- X,

and therefore by the matrix _
k=1-2X"X.

It is easily seen that we have the following relation of matrices

RE=Fk-J.
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The map h — k = k- J is a double cover mapping the sphere & = S™ onto the
projective space RP". We will denote this concrete realization of RP" as a subspace
of SO(n+ 1) by RP"™. As a homogeneous space, RP" is isomorphic to the quotient
SO(n+1)/S(0O(1) x O(n)). In terms of the involutions 7 and & there is no difference
between the cases SO(n +1)/SO(n) and SO(n+ 1)/S(O(1) x O(n)) on the level of
Lie algebras. But the difference does occur on the level of the groups. In the first
case we take as a fixed point set of the Cartan involution

h—J-h-J

only the component containing the identity, i.e. SO(n) C SO(n + 1), while in the
second case we take both components of S(O(1) x O(n)) = U(n) C SO(n + 1).

Now we are going to describe our system (7™M, we.n, H) for the case where the
symmetric space M is the real projective space RP™ = RP™. Our approach will be
the following. Above we have constructed the mapping

k:S5"=2S8S — RP"=RP"

given by %(h) = h%-J. The element h € S is uniquely determined by the vector X =

(cos ||al|, far Sin lall, ..., i sin ||a]|), which enables us to construct a new mapping

k:S" — RP* = RP"™,

defined by the formula
K(X)=k=(I—-2X"X)-J. (3.65)

Clearly, this is the usual antipodal map. Using this relation, we are going to describe
a mechanical system on the sphere S™ which will then descend on the system on the
projective space RP" since it is invariant with respect to the appropriate Z,-action.
More precisely, we are going to prove the following proposition.

Proposition 36 Let the Hamiltonian system (T*S™, Wean, H(1)) on the sphere S™ be
given by the Hamiltonian

Hyy = [lpl* +4(8'q, 8'q) — 4(6'q,0)” . (3.66)

Then the mapping d*x : T*RP" = T*RP"™ — T*S"™, where k is the antipodal map,
lifts the solutions of the system (T*S* ™, Wean, Huy) to the solutions of the system
(T*RP™, Wean, H).

In particular the system (T*S™, Wean, Ha)), which describes the motion of a particle
on the sphere S™ under the influence of the quartic potential H 4y, is a completely
integrable Hamiltonian system.
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Proof: Tt will be more convenient to work initially with the Lagrangians rather
than with the Hamiltonians. The Lagrangian of our system on RP" is given by

L(k) = |k~ kl|zp + K(Ady(5), JBJ) . (3.67)

Comparing the metric (-, -)gp to (-, -)s and then observing that (-, -)s is the standard
metric on S™, we see that the pull back of (-, -)zp is the standard metric on S™. Since
Kk is the antipodal map, the metric (-, -)gp is the canonical one on RP™.

Using 3.65 , 3.67 and the fact k*(-,-)grp = (-, -)sn, We are going to compute the
Lagrangian Lgn(X) of the above mentioned system on S™. We start with the kinetic
term

[kt k|? = K(E™ Yk, k7 k) = =Tr(JkJk - JkJk) .
Denoting k = (I —2X7X)J = (I —2A)J, we then get

Ik k|2 = —4-Tr((I — 24)A - (I — 2A)A) = —4 - Tr(A? — 2442 + 4AAAA) .

Since a = (I —2X"X) = (I — 2A) is a reflection, we have a* = Id and therefore
A% = A. Differentiation gives Tr(A) = Tr(2AA), and thus

[kt k|| = —16 - Tr(AAAA) .

Differentiating A*> = A we get AA': A — AA and from this 16 - Tr(AAAA) =
16 - Tr(AA — AA?), and using 377 (A) = Tr(AA) again, we finally get

|k k|2 =8 Tr(A2 - A).
Recalling that A = XTX and using (XTXX7X)" = XTXXTX we write
Tr(A%) =2-Tr((XTX)? + (XTX)(XTX)).
A straightforward calculation gives
Tr((XTX)(XTX)) = | X[ 1 X%,

and _ .
Tr(XTX)* = (X, X)?.

In addition we also have
Tr(A) =2Tr(XTX) = 2(X, X) .
Summarizing the above, we get the following expression for the kinetic term:

Ik~ KPP = 16 - (JX 17 - [1X]I? + (X, X)* — (X, X)) (3.68)
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Next, we express the potential K(Ady(3), J3J) of the Lagrangian L(k) in terms of
X. Using the fact k=! = JkJ and taking 3 real we get

K(Ady(8), JBJ) = Tr(k(BJ) - k(B])) .
From the expression k = (I — X7 X) - J it then follows
K(Adi(8), JBJ) = Tr((I - X" X)f" - (I - X" X)3),
where 3’ = J3.J. Expanding this gives
K(Adp(B),JBJ) = Tr(B?) —4-Tr(X'X - %) +4-Tr(X"X3XTXp).

For the second term in the above expression we have Tr(XT X 3?) = Tr(8?- XTX) =
(B"”X, X). Assume without the loss of generality that 3’ is diagonal. Then we have
XTp'X = (#'X, X), and therefore Tr(XTXFXTXF) = (#'X, X)2 Putting the
terms together, we get the following expression for the potential term

K(Adp(B), JBJ) = Tr(B?) — 43X, 3 X) + 43X, X)?. (3.69)

Inserting the kinetic part 3.68 and the potential part 3.69 into the Lagrangian
3.67 we finally get

L (X) = 16- (|| X2+ | X[+ (X, X)? = (X, X))+Tr(67) —4(3'X, 5'X) +4(3'X, X)*.
Since the particle moves on the unit sphere S™, it is subject to the constraints
IX[IP=1, (X,X)=0
which yields the following expression for the Lagrangian Lgn:
Lge = | X|* + Tr(5%) — 48X, 3'X) + 4(F'X, X)*.

Applying the Legendre transformation and neglecting the constant part Tr(57?),
which does not affect the corresponding force field, but only determines the zero
level of the energy, we get the Hamiltonian (3.66)

Hey(q:p) = llpll* + 4(8'q, 3'a) — 4(3'q. 0)* ,
describing the motion of a particle in a quartic potential. a

Consider now the complex projective space CP". As a homogeneous space it
is represented as CP" = SU(n + 1)/S(U(1) x U(n)). The realization of CP" as a
fixed point set of a pair of involutions of SL(n + 1 ;C) described in subsection 3.1.1
will be denoted by CP™ C SU(n + 1). An approach analogous to the one used in
proposition 36 will be applied in the description of the integrable Hamiltonian system
(T*CP™, Wean, H).
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Lemma 13 FEvery element k € CP" is a linear map of the form
k=I-22"2)-J,
for some Z € S**1 c C"*tV . The mapping
9. §*Ht . CcPr = CP”

given by W(Z) = (I —22*Z) - J is the usual Hopf fibration.

Proof: First we show that 9(S?"™') C CP". The elements of a € CP" are
characterised by the property J-a-J =a~ ! ie. (a-J)> = 1. Since k-J = ([ -2Z*7)
is the complexified reflection through the hyper-plane orthogonal to Z, we see that
(k- J)? = I, which proves 9(S?"*1) c CP". Since S*"*! is compact, the image
9(S**1) is closed in CP™. On the other hand it is also open. This follows from the
fact that v is a submersion. Its derivative at the point Z = (1,0,...0) is given by
dﬁ(Z )=4- Z, so it is surjective. By the homogeneity this is true at any other point
Z. Finally, we have

Ve - Z)= (1 —2Z% %) - J= (1 -22"7)-J.

Summarizing, the map ¢ : S?"*! — CP™ = CP" is a U(1) invariant surjective
submersion, hence it is indeed the Hopf fibration. a

Let now 7 : S — CP" be the Hopf fibration given in the usual form, that is
by m(z0, 215 -+, 2n) = [20,21,- - -, 2n), Where [29, 21, ...2,] are the homogeneous coor-
dinates. The metric on the sphere S?**! is inherited from the hermitian product on
C*+1) . At an arbitrary z € S?"*! this product gives the orthogonal decomposition
R-z®T,5?" . In addition, the tangent space of the U(1)-action at z is the subspace
R - iz giving a further orthogonal decomposition

CrU=R.-2®R-iz® H, .
The distribution of the subspaces H, C T,5%"*! is the natural connection 2 on the
principal U(1)-bundle 7 : S?"*! — CP" associated to the standard metric on S?"+1.

Recall that the canonical metric on CP” is defined to be the one for which the
Hopf fibration 7 is an isometry. Then obviously

drm: H, — T,CP"

is also an isometry of linear spaces.

The above discussion together with the calculations adapted from the proof of
proposition 36 (all we have to do is to change the Euclidean product by the Hermitian
one: (X,Y) = >""  x1¥;) gives us the proof of the following proposition. Denote as
usual |z]2 = z- 7 for z € C.
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Proposition 37 Let the system (T*S*"*!, wean, Ha)) be given by the Hamiltonian

Heeyy = |Ipl1> + 4(Bq, Ba) — 1(Bg, )| (3.70)

Let 9 : §*t1 — CP™ = CP" be the Hopf fibration given by the formula 9(Z) =
(I —27*Z)-J. Then the mapping d*9 : T*CP"™ — T*S*"*1 maps the solutions of the
system (T*CP"™, Wean, H) into the solutions of (T*S*™ !, wean, H(ca))-

FEquivalently, let v(t) : I — CP™ = CP" be a solution of the variational problem
given by the Lagrangian

Lk, k) = |k"kI|* + K(Adk(8), B) .

and let Zy € 971(v(0)) be fized. Then the unique lifting Y(t) : I — S*"T1 given by
the connection 2 and the initial point Zy is a solution of the variational problem on
St given by the Lagrangian

Lew(2,2) = || 2| — 482, 8Z) + (82, Z)* .

O

Corollary 3 The Hamiltonian system (T*S*" 1 wean, Hery) is completely integrable

The integrability of the above system is clear from the fact that this system is
a special case of the one described in proposition 36. Nevertheless, we give a short
independent proof.

The U(1)-action on S?* ! lifts naturally to the symplectic U (1)-action on 7% 5?1,
In addition, the Hamiltonian H . is invariant with respect to this action. Let

prT*S* s y(1) =R =R

be the corresponding moment map and 0 € R. Then the system (T*CP", wean, H)
is equivalent to the system on the symplectic quotient (1~*(0)/U(1),&, H(cqy). This
system is integrable and therefore, by lemma 1, so is the system (T*S" ) Wy, Hy)).

Lastly we address our Hamiltonian system (7*M,ween, H) where M is the the
quaternionic projective space HP". Recall that HP™ = Sp(n)/(Sp(1) x Sp(n)). The
realization of HIP" as a subspace of Sp(n) will be denoted by HP™. Let W € H" be
given as a vector of quaternions W = (wy,...,w,), w; € H, and let W* = (W7),
where W denotes the quaternionic conjugation.

Adapting in a straightforward way the proof of lemma 13, we prove the following
one.
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Lemma 14 FElements f € HP" are the symplectic linear maps given by the matrices
of quaternions
f={=2WW)-J,

for some W € S*+3 . The mapping
X : ST P = HP?

giwen by x(W) = (I — 2W*W)J is the Hopf fibration with the fibre SU(2) = S3.

O
The natural connection g on the principal SU(2)-bundle 7 : S — HP" is
induced by the orthogonal decomposition

H'=R-q® (R-ig®R-jq&R - kq) & H,

at every point ¢ € S C H".
The isomorphism H — C @ j - C induces the standard embedding of Sp(n) into

U(2n) defined by
ek
-B A7

where A, B are n X n matrices. In this representation the Killing form on sp(n) is
given by KC(f1, f2) = Tr(f1 - f2). Therefore, the calculations from proposition 36 can
be used again to prove the following .

Proposition 38 Let the Hamiltonian of the system (T*S* 3 wean, Hga)) be given by

Hgay = ||pl* + 4(8q, B9) — (B, ) * , (3.71)

where 3 € Sp(n) C U(2n). Let x : S*™3 — HP™ be the Hopf fibration with the fibre
SU(2). Then
&'y : T*HP" — T*§in+3

maps the solutions on (T*HP™, Wean, H) to the solutions of (T*S*™ 3, Wean, Hy).

Let a solution of (T*HP", wWean, H) be given as a path ~(t) : [ — HP™ = HP".
Then its lifting to S*™*3 horizontal with respect to the connection Ay is a solution of
the system (T*S*"*2, wean Hqa)).

The system (T*SY"3 Wean, Hqay) belongs to the class described in proposition 37
and 1s therefore integrable in the Liouville sense by corollary 3.
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The respective U(1) and SU(2) invariance of the Hamiltonian systems described
in propositions 37 and 38 allows us to construct integrable systems on certain spaces
which have the spheres as the universal covering spaces.

Recall that the generalised lens space is defined to be the quotient space S*"*1/Z,
where the cyclic group Z; action is given by

p- (Z07 Zl> o Zn) _ (€p(2m/k)Z0, ep(2”k1/k)Z1, N 6p(27rikn/k)Zn) ’

where the integers 0 < k; < k are fixed. The quotient of S**™! with respect to such
action is denoted by L(k; kq,...,k,). We can lift this action on a symplectic action
of Zj, on T*S?**1. The quotient space is the cotangent bundle T*L(k : ki,..., k).
Since the Hamiltonian H .y is invariant with respect to the U(1)-action, it is also
invariant with respect to the actions of the subgroups of U(1). Therefore, we get
an induced Hamiltonian H 4 on T*L(k; ki, ...k,). The following is a consequence
Corollary 3.

Corollary 4 The Hamiltonian system (T*L(k; k1, ... k), Wean, H(ra)) is a completely
integrable system for every generalised lens space L(k; ki, ... ky).

O

The integrable systems on quotients of S by finite subgroups of SU(2) can
be produced in the same way as the ones on the lens spaces. This might be of
some interest since it gives us some integrable systems on spaces with nontrivial
fundamental groups, namely the cyclic groups Z;, as well as the other finite subgroups
of SU(2), e.g. the icosahedral group.

3.5.3

Particle in the magnetic field

We have mentioned above that the integrable system (T*CP", wean, H) is the sym-
plectic quotient of the system (TS w o, H, (c4))- More precisely,

(T"CP"™ , wean) = (1~ (0)/U(1) , Wean) ,

where p : T*S®"*1) — . R is the moment map of the cotangent lifting of the usual
U(1)-action on S@*+1) given by

- (20,21, -y 2n) = (W20, uz1, ..., uzy)

and the Hamiltonian A comes from the Hamiltonian H ).
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Let now v € i - R = u(1) be a regular value of u different from the zero. The
manifold px~*(y)/U(1) is still diffeomorphic to the space T*CP", but the induced
symplectic form w;,q is not the canonical one this time.

Lemma 15 Let wrg) denote the Fubini-Study form on the space CP", and let Wirs)
be its lifting on the cotangent bundle T*CP™. Then we have

(LU, wina) = (T*CP", Wean +1W(ps)) -

Proof:  Recall that the mechanical connection v : T"M — g of the G-action on
M is given by the formula

a(z,v) = p~H(z)(p(Leg(x,v))) ,

where p : g* — g is defined by

{p(@)€ ., mg = (& s M) -

The mapping p : T*M — g* is the moment map of the G-action lifted on T*M,
and Leg is the Legendre transformation. Here (-,-)g and (-, ), are the dual pairings
of g with g*, and of T, M with T M respectively. The symbols &7, nys denote the
infinitesimal actions of £ and n on M. Let the one-form a, on M be defined by

<a7(x) ) v>90 = <7 ) O‘(Iav»g

for some v € g*. Denote by G, the stabiliser of v and by 3, the form on M/G,, such
that 73, = do, where 7 : M — M/G, is the natural projection. It is proved in
Chapter 3 of [Ma], that

(W ()/Gyy s wWina) = (W (V)G s Bean + B2) -

The forms W, and /Bv; are the restrictions of weq,, ﬁf; from T*(M/G.,) to the subspace
w1(7)/G,. Note that the spaces p'(y)/G, and T*M /G, coincide whenever G is
Abelian.

Let now g : T*S@®"*) — 4R be the moment map of our U(1)-action. It is given
by the formula

<,u(z,p) ; €> = <p 5 552’”‘1 (z»]R?

where (-, -)g denotes the real part the Hermitian product on C™+. Since genin) (2) =
¢ - iz, we get immediately
w(z,p) =(p, iz)r.
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(This shows that x~'(0) = H;, where H, is the orthogonal complement of iz €
T.8@+1) ¢ C"*1) Since p(z) = 1 this gives
alz,v) = (v ,iz)r,
and
OZ'Y(Z7U) =7 <’U ) ZZ)]R .

Denoting z; = x; + iy;, we then get

a,(z)=7- Z —y;dx; + ix;dy;
=0

and finally

daw(z):’y(z 5 )-Zdz/\di.
=0

The space CP™ can be thought of as the symplectic quotient of C®*1) with respect
to the obvious U(1)-action u - (20, 21, - - . , 2n) = (u2g, uz1,...uz,). The corresponding
moment map has the expression

(20, 20y, 20) = |20 + 2P+ ..+ |2a)?,

hence ®1(1)/U(1) = §®n=1 /St = CP". The Fubini-Study form on CP" comes from
the form

> im0 #dZ + Zdz>
12112
Since on the sphere S@"~Y we have d||z||? = 0, the restrictions of the forms da., and

d0log ||z||?> on the sphere coincide up to a constant factor and therefore descent to
essentially the same form w(pgy on the space CP". O

09 log ||2||? = 0 (

2n—1

Denote by Hy,) : T*CP" — R the Hamiltonian induced from H (. via the sym-
plectic quotient p~t(v)/U(1) = T*CP". It is easily seen from the discussion in the
first part that H,, comes from the U(1)-invariant function F(z,p) : p~'(0) — R
defined by

F(Zap) = H(c4)(zap - O{,Y(Z)) :
(The explicit proof of the above relation can be found e.g. in [Ma], Chapter 3.) A
short calculation then shows that

Hmy = H + |, (3.72)

where H : T*CP" — R is our usual Hamiltonian on 7*CP". So the Hamiltonians H,,)
and H(.y are essentially the same, since they differ only by the constant ||v||*. The
additional magnetic force, affecting the particle moving on CP", comes from the defor-
mation of the canonical symplectic form w,,, on T*CP" by the multiple of the Fubini-
Study form ywpg)y on CP". The integrability of the system (7S Gt eans H (c4))
gives us the proof of the following proposition.
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Proposition 39 The system (T*CP™, Wean+YW(pg)s H () with the Hamiltonian H
defined by 3.72 describing the motion of a particle under the influence of the force
potential Vi = IC(Adi(0), B) and the magnetic force generated by the magnetic term
Ywrs) on CP", is a completely integrable system.

O

In particular, taking # = 0 gives the integrability of the motion in the field of
the magnetic force alone. In the case when n = 2 our system describes the motion
of a particle in R? in the field of forces generated by a quadratic potential and a
magnetic monopole situated in 0 € R®. The particle is in addition confined to the
sphere CP' =~ S2 C R3.

Since the Hamiltonians H,,) and H differ only by an additive constant, the Lorentz
force does not depend on the position, but only on the momentum, the relevant
contribution being determined by the form w(pg) on CP'. It can be easily seen that
the strength B of the monopole is given by the expression B = fyﬁ where z € R3.
The spherical symmetry of this monopole explains the independence on the position
of the Lorentz force.

Recall proposition 35 describing the spherical pendulum. It was obtained as the
symplectic quotient u~1(0)/U(1)s of the system (T*SO(3), Wean, H), where H(q, p) =
Ipll> + K(Ad(B), 8). Taking a non-zero v € s0(3) lying in the same torus sub-algebra
as 3 and proceeding exactly in the same way as above, gives us the following corollary.

Corollary 5 The system describing the spherical pendulum mouving in the field of a
magnetic monopole placed in the centre of the sphere is a completely integrable system.

O
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Particle in the Yang-Mills field

The configuration space of a particle moving on a manifold M in the presence of a
Yang-Mills field is a principal bundle P — M with the structure group SU(2). The
group sitting above each point of M parametrises the possible states of the particle, i.e.
represents its internal structure. The appropriate phase space is then (T*P | wean ).
Having the natural SU(2)-action it makes sense to reduce T*P symplectically. Let
p: T*P — su*(2) be the moment map of the SU(2)-action lifted on 7% P, and let
v € su(2)* be a regular value. Let N = p~'(v)/U(1) be the symplectic quotient
space, U(1) being the centraliser of . It is easily seen that N has the structure of a
S2-fibre bundle N — T*M. The sphere S? appears here because it is the coadjoint
orbit O, C su(2)* of v. We will describe a concrete example of this situation in
more detail below. By analogy with the situation in the electro-magnetic theory, we
think of O, as of the generalised charge of the particle in the Yang-Mills field. In the
electromagnetism the structure group is U(1) and so O, = 7.

We shall now treat the system (7*S (443)  eans H (¢4)) in an analogous manner as
we treated the system with the Hamiltonian H (. above. There is a natural SU(2)-
action on S“"+3) given by

q - (wo,wy, ..., w,) = (quo, quy, ..., quw,),

where the elements of SU(2) are identified with the unit quaternions ¢ € S* C H.
This action makes S“4"+3) — HP" into a SU(2)-principal bundle. The infinitesimal
action of & € su(2) = Im(H) is then the vector field {g(w) = (Ewo, Ewy, ..., Ewy,).
In order to compute the moment map p : T*S“*+3) — s5u*(2) it is convenient to
represent the quaternions as the complex matrices of the form

= (% 1)

The usual Euclidean product on H is then (g1, q2) = T7r(q:-¢5). The defining equation

(w(w, p) , Esue) = v, &s(w))r, sany

for the moment map of the SU(2)-action lifted on T*S“"+1) can be written as
Tr(p(w,p) - §) =Tr((D>_pjw;) &) =Tr((O_wpl) - ).
=0 =0

which yields the expression

plw,p) = w;p; . (3.73)
=0
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Putting w; = det(w;) - w;, this can also be written as
p(w,p) = Zdet(wj)2 - Adg;pj
=0

for some p; € su(2), which confirms, that u takes values in su(2). From 3.73 we see
that ~'(0) is the sub-bundle of T*S“"*+3) whose fibre at the point w € S*+3) s
the dual space of the subspace H, C T,S“" ™ orthogonal to the span(iw, jw, kw).
Therefore 1~1(7) is the bundle of affine subspaces (., (w) + H) C TFS@n+3).

Denote the symplectic quotient p~*(y)/U(1) by N'. Then N' — T*HP" is the
fibre bundle having the 2-sphere S? as the fibre. This is so, because the group SU(2)
acts only on the vertical part of the principal bundle S®"*+3) — HP". When lifted
on T*SU+3) the group SU(2) acts on T*SU(2) and the symplectic quotient of this
action is S?. Alternatively, A/ can be viewed as a sub-bundle of the cotangent bundle
T*CP®n*+Y since SUn+3) /U(1) = CP"*V. For every n there is a natural S-fibration
CP@"*+1) — HP" given by the mapping of lines z-C — (z+j - z) - H. The mechanical
connection induces the direct sum decomposition

TrCP") = T 52 @ T HP" .

at every point a € CP®"+1) The vertical part 7,S? is determined by the fibration,
while the horizontal part T HP" is fixed as the dual of the kernel of the mechanical
connection a. Then N C T*CP?"*Y) is the sub-bundle with the fibre T*HP" over
the point a € CP?n+D).

Since we have p(w) = 1, the mechanical connection on the SU(2)-principal bundle
SUn+3) _ HP" has the form

n
alw,v) = ijv;f :
=0

For an arbitrary v € su(2)* the one-form ., acts by the rule

(oy(w) , V)g, sanss = T?‘((Z w;vy) - ) -

Let for the sake of simplicity v = —i) and denote w; = (2, zj4n41) for every

1
0
J. Then we can write o in the form
n
Qy =i Z(Zjdgj — Zjd2; + Zjin114Zj 011 — Zjan1dZj4ni1)
j=0

and hence
n+1

dory = 2i- (D dz Adz) . (3.74)

j=0
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From the expression 3.74 we see that the 2-form do, is horizontal on the bundle
T*SU+3) e (da,),(vi,v9) = 0 if vy or vy is tangent to T SU*+3). That remains to
be true after taking the symplectic quotient. More precisely, da, is U(1)-invariant, so
its restriction on p~!(7) induces the form 3, on N' = p~'(y)/U(1). Then obviously
(85),(v1,v2) = 0 if vy or vy lies in T,(T*HP") C T,N. The same argument as in the
the proof of lemma 15 shows that da, descends to the lifting of the Fubini-Study
form wpgy from CP+1) to N/ — CPZnHD),

The above proves the following lemma.

Lemma 16 Let W, denote the restriction of the canonical symplectic form on the
cotangent bundle T*CPC™+) to the sub-bundle N, and let W(rs) be the lifting of the
Fubini-Study form from CP2"*1) to the total space of the bundle N'— CP®*+1) . Then
the symplectic quotient of T*S™"*3) has the form

(:u_l(’}/)/U(]') ) wind) = (N s ajcan + EJ(FS)) .

O

While it is easier to describe the induced symplectic form if we think of N as a
sub-bundle of T*CP®?"+1) | the expression of the induced Hamiltonian H (var) will be
more suggestive for us if we place it into N viewed as the S2-bundle over T*HIP", since
this will enable us to compare it with the Hamiltonian H of the previously discussed
system (T*HP™, Wean, H).

Let M be a symplectic manifold equipped with a Hamiltonian G-action, let v € g*
and let O, be the coadjoint orbit of . It is well known that the spaces u~'(y)/G., and
pHO,)/G are symplectically the same. Let M = T*Q and let the G-action come
from an action on Q. It is then easily seen that the map p=*(0,)/G — T*(Q/G) is
a fibre bundle having the coadjoint orbit O, as the fibre. In our case, we have the
already mentioned S%bundle N — T*HP". Similarly as in the previous paragraph
we conclude that the Hamiltonian Hy sy comes from the SU(2) invariant function £
defined on = *(0O,). In local coordinates (w,p,q) where (w,p) are local coordinates
on T*HP™ and ¢ is a coordinate on O, = S? we have

F<wap7 Q) = H(q4)<w7p - Oéq(UJ),q) .
Again a short calculation shows that after quotienting by SU(2) we get
H(YM)(vaa Q) = H(U},p) + HO[QH27 (375>

where H is the Hamiltonian of the system (T*HP™,wean, H). Since |la,[]* = ||y,
we finally get
H(YM)(w7p7 Q) = H(U),p) + ||Oé’)’||2 :

The above discussion and the already established integrability of the system
(T*SU+3) oo, H) proves the following proposition.
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Proposition 40 The system (N, Ocan, Hiyary) where Hyapy is defined by 3.75 descri-
bing the motion of a particle on HIP"™ in the field of the Yang-Mills force determined by
the form Wpgy, and in the potential field given by the potential Vs (k) = IC(AdyS3, B) is
a completely integrable system. In particular, taking B = 0 this gives the integrability
of the system where the particle moves in the Yang-Mills field alone.

O

In the case where n = 1 we get the motion on the sphere S*. The space N is
a sub-bundle of T*CP3. The S? fibre bundle CP3 — S% is the twistor space of S*
and the Yang-Mills field is easily seen to be given by the basic instanton on S* as
described in [At].
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3.6 Harmonic maps and loop groups

In this section we collect a few brief remarks concerning the relationship between
Nahm’s equations and the harmonic maps. The systems we were considering in this
chapter were all derived from Nahm’s equations for the functions taking values in some
semi-simple Lie algebra. Obviously, Nahm’s equations make sense for the functions
taking values in any Lie algebra. One possibility to place Nahm’s equations in a
different framework is to consider the system

T+ [To, T} + 2 e (T3, T3] = 0
(3.76)
To, T; : I — Lie(QG)

where QG denotes the loop group over a semi-simple Lie group G, i.e. the group of
maps S' — G. This gives rise to perturbations of the harmonic maps. For a suitable
choice of certain parameter we can actually obtain the harmonic maps themselves.
Discussion of this topic would deserve a chapter of its own, but time allows us only
to take a short and sketchy glimpse of it.

Our intention is to associate to system 3.76 the Lagrangian functional in the same
way as we did in subsection 3.1.2.

_ Instead of the groups QG it is more interesting to consider the semi-direct product
QG = T<QG where T denotes the circle group which acts on the elements of 2G by
rotating them, i.e.
u-g(s) =g(s+u),

where v € T, and g(s) : S* — G. This group is used by Garland and Murray in
[G-M 1], and [G-M 2], where they interpret the periodic instantons as the monopoles
having QG as the structure group. The Lie algebra Lie(QG) is clearly the extension
Lie(QG) & Z - iR, where the generator £ is the infinitesimal rotation.

We will denote the elements of QG by § = (g(s),u), where u is the rotation, and
the elements of Lie(Q2G) by ¥ = (v(s), ¢). The multiplication law for the semi-direct
products gives

A

g-f=(g(s),e") - (f(5),e") = (g(s)f(s +u) , "F).
From this we get the expression
Ady(f) = (g(s)f(s +u)g (s +v) , €).

Let f(t) 1 — QG be a path starting at e € QG and having 4 as the tangent there.
Taking the derivative %‘t:()Adg( f(t)) gives the following expression for the adjoint

action of QG on Lie(QG)
Ady(7) = (Ady(y(s +u)) —c-gsg™" , ©) (3.77)
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where g, = d%g. Deriving 3.77 along the path g : [ —>~§G with (%(g))(o) =4 =
(B(s) ,b), we get the formula for the Lie bracket in Lie(QG)

13,41 = ([B(s),7(s)] +b-7s—c- B, 0). (3.78)

The non-degenerate Ad-invariant Killing form on Lie(ﬁG) is given by

KB, 4) ://C(ﬁ, ) - (3.79)

Sl

In order to carry out Donaldson’s rewriting of Nahm’s equations in the variational
form, one needs the complexifications of the relevant Lie algebra and of its Lie group.
While every Lie algebra clearly has a complexification, finding one for a Lie group is
not always easy or even possible. In our case the necessary complexifiations do exist.
For the Lie algebra we have

~ d
Lie(QG) = {#*:C* — g} @ 7 C,

and for the group
QG =C*a{g:C* - G°Y,

where C* acts in the obvious way by pe’-g®(re’) = g®((pr)e’“**). The real structure
7 : Lie(QG)C — Lie(QG)® whose real form is QG is given by

T(9°) = 1(9°(2) , a)=(¢°(z7") , 7). (3.80)

~ C ~ ~
The adjoint action of QG on Lie(Q2G)C and the bracket on Lie(Q2G)C have the same
expression as 3.77 and 3.78 respectively.

The key ingredient of the variational interpretation of Nahm’s equations is propo-
sition 21 on page 84 and the rewriting two of the equations in Nahm’s system in the
form of a Lax equation for the variables in the complexification of the algebra. An
inspection of the proof of the proposition 21 shows that all we need is the complexi-
fication of the Lie group involved and a non-degenerate Killing form on it. Since the
Killing form on Lie(QG)C is given by

R, 4) = / K@, 4), (3.81)
/

we must restrict Lie((NZG)C to a class of functions 3 : C* — g€, such that the integrals
of form 3.81 will converge. Having taken care of that, we get the following corollary
of proposition 22.
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Corollary 6 The solutions of Nahm’s system for the loop algebra valued functions
A 1 A~ A
T; + 5 Zfi,j,k [T5,Tx) = 0

T, T} : I — Lie(QG)
are in one-to-one correspondence with the solutions of the variational problem on the

space YH = QGC/QG given by the Lagrangian

c(i) = / ol + KA (B) . ).

We note that the space Q(H) is not simply the space of loops on H = G¢/G, and
describing it would take some time. Instead, we are going to concentrate on a more
readily manageable situation where the configuration space of the variational problem
will be the loop group QG. We are going to proceed in the analogous way that we
took in subsection 3.2.3, considering Nahm’s equations for the functions with values
in the complex Lie algebra Lie(QG)C. Replacing Lie(2G) by Lie(QG)C in the above

~ C ~ ¢ ~ C ,~_C
corollary yields the variational problem on the space QG = (QG x QG )/QG,

~ C ~ C ~ C ~ C
where QG, = {(9,9) ; § € QG } C (QG x QG ) is the real form corresponding to
the real structure
7915 G2) = (92, 1) -

Imposing the additional real structure 7 given by 3.80, we get the following adaptation
of proposition 24 on page 88.

Proposition 41 Let Lie(ﬁG)(c be a complex loop algebra and denote by %Lie(QGC)

~ C
and SLie(QG ) its real and imaginary parts with respect to the real structure T. Then
the solutions of Nahm’s system

A 1 A~ o~
T + 5 Z&,j,k[Tj,Tk] =0,
such that o
Tl,Tg I — %LZ@(QG )
. ~ C
T, 1 — RLie(QG )
are in one-to-one correspondence with the solutions of the variational problem on the

Lie group G given by the Lagrangian

£(G) = / a2 + K(Ady(3) . ). (3.82)
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Taking the variation 6£(g) of 3.82, a calculation similar to the one in the proof of
proposition 21 shows that the Euler-Lagrange equation of 3.82 is

~

(3:97")e + [Adg(B) , A (3.83)
The first summand above has the expression
(397 = (g9~ — w(gsg™ )i, 0)

where g(t) = (g(s) , €*)(t). Applying 3.77 and denoting B = (6, b) and E = (B, g),

the second summand can be written as

bb(gsg~")s + S(B)

where
S(B) = [Ady(B(s +u)), Bl = b [gsg7" Bl + b+ B — b+ (Ady(B(s +u))),.  (3.84)
Recall, that the Euler-Lagrange equation for the harmonic maps
g(t,s) :R* — @
from the plane into a compact Lie group G is

(9097 )i+ (9597 1)s = 0. (3.85)

Interpreting the path g(s;t) : R — QG as the a map g(s,t) : S' x R — G from the
cylinder into the Lie group G, the discussion above proves the following proposition.

Proposition 42 The solutions of Nahm’s system with values in the extended loop
algebra and satisfying the additional condition

T,Ty 1 — %Lie(QGC)
T, I— %Lie(ﬁGC)
are in one-to-one correspondence with the perturbations of the harmonic maps
g(s,t) : ' xR — @
given by t he Fuler-Lagrange equation

(g:g™")s + bb(g,9™1)s + S(B) =0,

where the perturbation S is given by 3.84. Taking B = B = (0,1) gives the ordinary
unperturbed harmonic maps from the cylinder into the Lie group G given by the Euler-
Lagrange equation 3.85.
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There are many different definitions and criteria of integrability for the PDE’s.
One of them, which is often used in connection with the harmonic maps is the so-called
zero curvature criterion.

Proposition 43 The perturbed harmonic maps g(s,t) : S' x R — G given by the
FEuler-Lagrange equation

(g:g™1)e + 0b(gsg™Y)s + S(B) = 0

~

where S() is defined by 3.84 are integrable with respect to the zero curvature criterion.

Proof: We have already seen that Nahm’s equations can be written in the form of
the Lax equation. Defining ® = i1} 4 2(Ts + iT3) — 2~ }(Ty — iT3), Nahm’s system is
equivalent to the equation

O, = [T, P
where ¥ = sdz(z - ®). Inserting ® = & + fL and U= + p4 into the above
equation, we get

5
=3
o
=
n
=
o
=
9]
—+
=
&
&+
&+
=
@
k)
=3
=
—~
~—~
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|
[~
S
S~—
—~
=
L
n
&
—
e
=
9]
»n
—
=
@
N
@
=
]
@]
=
2
o
—
o
=
@
o
O
=
=%
5
o
=

d

Let g : S' xR — M be a harmonic map. The group U(1) acts in a natural way on
S1 x R, and suppose that there is also an action of U(1) on M. The Euler-Lagrange
equations for an U(1)-equivariant map g become ODE’s and hence define some dy-
namical system on M. In her paper [Uh] K. Uhlenbeck proves that the dynamical
systems corresponding to a U(1)-equivariant harmonic map from the cylinder into
the sphere S™ is the C. Neumann system on S™. The question arises, what are the
dynamical systems corresponding to the U(1)-equivariant maps g : ST x R — M
where M is an arbitrary symmetric space. Using Nahm’s equations with values in
loop algebras it should not be difficult to see that the sought for systems are the
Hamiltonian systems (7" M, wean, H) discussed in this chapter.



146 CHAPTER 3. NAHM’S EQUATIONS ...



Bibliography

[A-M]

[Ar 1]

[Ar 2]

[At]

R. Abraham, J. Marsden Foundations of Mechanics, Benjamin-Cummings,
Menlo Park California, (1978)

V.I. Arnold, Mathematical methods of classical machanics Second Edition,
Graduate Texts in Math. 60 Springer-Verlag (1989)

V.I. Arnold, Dynamical systems I1I Encyclopedia of Mathematical Sciences
3, Springer-Verlag (1988)

M.F. Atiyah, Geometry of Yang-Mills Fields Lezioni Fermiane, Pisa (1979)

[A-vM 1] M. Adler, P van Moerbeke, Completely integrable systems, Fuclidean Lie

algebras and curves, Advances in Mathematics, 38 (1980), pp. 267-317

[A-vM 2] M. Adler, P. van Moerbeke, Linearization of Hamiltonian systems, Jacobi

[Be]

[Bo]

[B-N-R]

[D-E-T]

varieties, and representation theory Advances in Mathematics 38 (1980) pp.
318-379

A. Beauville, Jacobiennes des courbes spectrales et systemes hamiltoniens
completement integrables, Acta Math. 164 (1990), 211-235

H. U. Boden, Representations of orbifold groups and parabolic bundles, Com-
ment. Math. Helv. 66 (1991) no. 3 pp. 389-447

A. Beauville, M.S. Narasimhan, S. Ramanan, Spectral curves and the gene-
ralised theta divisor, J. reine angew. Math. 398 (1989) pp. 169-179

C. Duval, j. Elhadad, G.M. Tuynman, Pukanszky’s condition and symplectic
induction, J. Differential Geometry 36 (1992) pp. 331-348

J.J. Duistermaat, G.J. Heckman On the variation of the cohomology of the
symplectic form of the reduced phase space, Invent. Math. 69 (1982) pp.
259-268

S.K. Donaldson, P.B. Kronheimer The Geometry of Four-Manifolds Oxford
Mathematical Monographs, Clarendon Press. Oxford (1990)

147



[Hu 1]

[Hu 2]

BIBLIOGRAPHY
S.K. Donaldson, Nahm’s FEquations and the Classification of Monopoles,
Commun. Math. Phys. 96, pp. 387-407 (1984)

J.J Duistermaat, On global action-angle coordinates, Comm. Pure and App.
Math. Vol XXXIII, (1980) pp. 687-706

P.A. Griffiths, J Harris, Principles of Algebraic Geometry, John Wiley &
Sons (1978)

H. Garland, M. K. Murray, Kac-Moody monopoles and periodic instantons,
Commun. Math. Phys. 120 (1988) pp. 335-351

H. Garland, M. K. Murray, Why Instantons are monopoles, Commun. Math.
Phys. 121, (1989), pp. 85-90

P.A. Griffiths, Linearizing flows and a cohomological interpretation of Lax
equations, American Journal of Mathematics 107 (1985), pp. 1445-1483

V. Guillemin, V. Sternberg, Symplectic Techniques in Physics, Cambridge
University Press (1984)

R. Hartshorne, Algebraic Geometry, Springer-Verlag (1977)

G.J. Heckman, Integrable systems and reflection groups, Notes for the au-
tumn school “Geometry of Hamiltonian Systems”, Woudschouten (1992)

S. Helgason, Differential geometry and symmetric spaces, Academic Press,
(1962)

S. Helgason, Groups and geometric analysis Academic Press, inc (1984)

N.j. Hitchin Stable bundles and integrable systems, Duke Mathematical Jour-
nal 54, 1 (1987) pp. 91-114

N.J. Hitchin, The self-duality equations on a Riemann surface, Proc. London
Math. Soc (3) 55 (1987) pp. 59-126

N.J. Hitchin, Monopoles and Geodesics, Commun. Math. Phys. 83, pp. 579-
602 (1982)

N.J. Hitchin Flat connections and geometric quantization, Warwick preprint

(1990)

J.E. Humphreys, Reflection Groups and Cozxeter Groups, Cambridge Studies
in Advanced mathematics 29, CUP (1990)

J.E. Humphreys, Introduction to Lie Algebras and Representation Theory,
Graduate Texts in Mathematics, Springer-Verlag (1972)



BIBLIOGRAPHY 149

[Je]

[Ko

[Kr]

[Mal

[Me-Se]

L.C. Jeffrey, Extended moduli spaces of flat connections on Riemannian sur-
faces, Preprint (1993)

H. Konno, Construction of the moduli space of stable parabolic Higgs bundles
on a Riemann surface, J. Math. Soc. Japan 45 (1993), no. 2 pp. 253-276

P.B. Kronheimer, A Hypre-Kahler structure on coadjoint orbits of a semi-
simple complex group, J. London Math . Soc. (2) 42 (1990) pp. 193-208

J.E. Marsden, Lectures on mechanics, London Mathematical Society lecture
Note Series. 174, Cambridge Univerity Press (1992)

V.Mehta, C. S. Seshadri, Moduli of vector bundles on curves with parabolic
structures, Math. Ann. 248 (1980) pp. 205-239

A.S. Miscenko, Integration of geodesic flows on symmetric spaces, Math.
Zametki, Akademiya Nauk SSSR 31 (1982) pp. 257-269

A. S. Miscenko, A. T. Fomenko, Fuler equations on finite-dimensional Lie
groups, Izv. Akad. Nauk SSSR, Ser. Mat 42 (1978) no. 2 pp. 396-414

E. Markman Spectral curves and integrable systems (preliminary version),
Preprint (1992)

J. Moser Various Aspects of Integrable Hamiltonian Systems, in Guckenhei-
mer, Moser, Newhouse, Dynamical Systems, C.I.M.E. Lectures, Bressanone,
Italy 1978 , progress in Math. 8, Birkhauser(1980)

J. Moser, Geometry of Quadrics and Spectral Theory, in The Chern Sympo-
sium 1979, Springer-Verlag (1980)

R. Montgomery, Isoholonomic problem and some applications Commun.
Math. Phys. 128 (1990), pp. 565-592

D. Mumford, Tata Lectures on Theta II Progress in Mathematics, Birkhau-
ser (1984)

C. Neumann, De problemate quodam mechanico quod ad primam integralium
ultraellipticorum revocatur, J. reine angew. Math. 56, (1859) pp. 46-63

G.P. Paternain, R.J. Spatzier, New examples of manifolds with completely
integrable geodesic flows, Advances in Mathematics, 108 (1994), pp. 346-366

C. S. Seshadri, Fibrés vectoriels sur les courbes algébriques, Asterisque 96
(1982)



150 BIBLIOGRAPHY

[Uh] K. Uhlenbeck, Equivariant Harmonic Maps into Spheres, in Harmonic Maps,
Proceedings, New Orleans 1980, Springer Lecture Notes 949, Springer-
Verlag



